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Day
triangles ? not in this house !

(Differential )Math 298 '

am,

.*Ñ?" what is Physics?
-

Geometry And Physics -The '

real
'

world
example: - Ers : tne

anya ,
~¥ "✓ " "" "

" " """ "
" """""""

throw " "" 9°" " "PIM " "M"" " " ""

hµ
↳"" " "" """•

modern Ditty@o :
'Uwe ? geometry

The universe is not

drawn
on graph paper

- Coordinate invariant -gE§ themes
-Coordinate invariant - General covariance

hdTydt7-gellioT.kienzle@gmail.com
properties of the µ G.y

H 'd 9Ab ¥
""

STIC : i am Peer underlying obtect,

#
- Local hkii-z.ge

??

Purpose of class :
" Name is Dr damas

, not : - teach how to do problems
"dependent d- h"

- field excitation/propagate around pen

go through me
- Prepare for future class

You right it

do : show something cool
- not scary math M""

"

prospect, you dont see often

Gaya aww, ,
, d^§→?=?e÷m÷t¥Yg, physrstsfeanetr.IT geometry is physics

-more laid back
- Local | no obv

way to compare physics is geometry

-Qs
can pt

guy , ,

"

µ , , ,
, ,, , .my, , , ,, , , ,.mn, .µ,,

Part2 classical Mechanics & symplectic geo Q : How to

crown Jewl of lath
"¥iftorenHlfoms&E&M_Magnetic field has Electrified savanna

Newtons law m÷=F ⇒ ÷=Bm
µ.nu, p.gg#fggqgq~

Phase space T☒S
>

century Physics
(no sources syncs fare pcnarges u → p=F Canonical symplectic firm

forces btwn charges 8.13=0 8.E=p Phase A : use geometric invariant

Maxwell 's eqs :* p×E¥+=o pxp.ir#--=-yTapfYygYY
,

" """

enemyare fields to learn these t.ir"";µ;¥¥÷Yyp¥¥
""""""" ""% "

Lowville 's thin : volume preserves↳{ i-dtkopisimpia-t.zaxj.at/
do this part

1-witness of E controlled by B Inter hot
tricky to

Magnet field B
"""¥-0 d*F=T D= -21-1/2 ✗⇒,X*: what,-)=dH right anaemia ,m

Prove#¥Pi¥?)=¥p¥?¥op=O
hard to see v1 phase

"•

. . -
- not enlightening

Electric field E

ddA=o -d*dA=y ✓=p

"""%t!n? volume form an
charge density P

Electro-magnetic field current density
"""" fan)=L×,fw ""

=O

(both are 1!) Maxwell 's Eas !-
Aesthetic ( how does classical me# o

field 2-form F =ÑÉ
""

d☒dA" structure change under①
exterior fanatic d it 's flow ? it doesn't! new understanding d-w¥y%

,
TX (by def)

1
( Gentner)

All the physical complexities captured by simple f,*PDÉ !

hot sweeping complexity under rug - real physical

Separate wheat from chaff - see what's going on

Appreciation ' Beyond just # of symbols



Symmetries Boring logistics

Noether 's thin : Contras symmetry
- Assignments : - Office hours : After class , & later in the week
-

Don't want to be stressful ! no grade worry
-detail, exercises

, any math - Phys thing
-

encourageyfypgy ( conserved quantity -

- lots of dependency, to make no one fall behind :
- Math building

@✓agf✓
-

• weekly quiz on main pts Gz)
- Due Monday 2:00pm

→ Bonus hours? informal
,

cool stuff
Lie Groups ↳ Lie algebras -

encourage procrastination
• Exercises if interest

I • Page references - time

Hamiltonians ! - Final project : summarize
'

a paper in couple of pages rihtrf physicists class ?

Momentum maps! Discuss more later

don't know what i'm doin
,

feedback more than Welcomed !
- Libgon

. How was physics level??



Day
pleased ask.ae . |¥@£¥m# toeualuiteink.ua#lastt-mewYI

e=µ+, potential É=T¢ Sati --0141N -011×011I / Maxwellseas d*dA=J
+← go.gg

W=T%+÷
,

I
E.eu

Electric field. ① Force Vector e④¥TÉÉÉÉ" { ( t ) "

differential
"

d¢=P¢•
-

more fundamental than 0¢

E- field ☐ "tension"Y
② www.qge.gg Energy required to move

É rule send" Vee
.

Ñ /¥1B E. dl=E×d×+EydytEzdz
, dct-dxddxtdyddytdildzn.atthe """"d

" "↳ Path
minimal strain, need SEE independent of chore of l wldxli)=¥E , etc. do! !Ñ = ¢6411-Held) exterior deriiat"

what Either

integrand intrinsically?

E¥ "

one - form
" heeded to line

integrate site =si¥EGé) ⇒ EKÉTZEAT
g =giµy¢•e

directional
8 derivative

Ep :Tp1R^→R linear (just like Ép.- !)r°•Ñ%"

ddholdsdirectic.ua/derirativesof0IecgUden eat win É¥÷÷:#
lmk : "" ' "
E.
-

for some E)

eat vector spit out #1t-fofmistheihtegrandofalihe@charter.net > hypersurface paned

" "m :

" "" "" # a

dual vector space : Ep c- Tp1Ñ* Visualizing

Atformisalinearfn1Ri-R@KEpCv1fovntsplane.p
ierad by ✓¥÷É÷⇐÷¥÷¥÷*
.

What planes? Vtk B- Eplv)=O

n.ie :P-TWIsepiet-me.NI-kea.is/-trmsare1ikestaltsothyperpkne



I

/Day3_
Last t.me : MIE

how do You take sortie integral ? e.g : surface area :

É oriented area Acv,wÑ¥Electric field E- ⇒ Ham §.EE?fEf.ij?B--- 1) Choose paramerfrzatih Antisymmetric
E integrand of the 5

!
of wire

induction ! ! 1) Acv,w)= -blindE linear map Tp1R"→1R

""• stain a- horseman.

" split into tesserae
p

for potential &
,
d¢=E

g ¥
BilinearnxÉ¥¥¥B:÷÷¥÷ ,

3) add up areas 2) &(kyw)= KACH 3) filth, wt-AG.idi-ACvz.ws

.it?I::m.n:IYmtesrandot#
•¥?Y%

. v. so.vn

following 1-form call

note: in 2D, Aaya def / % "w
. / antisymmetricY intact

, define wedge product: and.lv,w) : : d.www.d.ax.lu,
a;¥¥I¢ visualize 2- form B : Ker B-- {4%-1--0} ④g⑦bilinear unppesuchf, - Direction

"

flux lines"
- magnitude (spams)

general 2- D integral S§B modeled on 5. A : wedgeprodutdamb.ms/-formsinto2-fwmgIf 9^4 : Kerem# Kalina Karky

integrand
"

2-form
" egs crate

p,"tpÉ) ✗

iz
"fumes "

SPK 's
× "

Widman) basis 2-forms

fix mural : ss••d5=§añds=§%⇒i
"

s YÉY
autism ✓

2- form is OIBCV,w)= B- • ( ✓ ✗w) bilinear ✓ × ,

integrate : count penning )g§flux lines



charge density p : want charge in volume SIP
b) Choy, parametrization ¥¥¥v2) split into tessera

- 3) sum povd (2%2,2)

Vollvyvairs) totally antisymmetric
,
Multilinear

p
'

"

3- form
"

ak-formonltiisatotahyanti-symmultil.honrfnc-p.IR/k-1R
hot : Th n d.ms

, yntl forms always
Zero
,

by 1in alg

cant have any 41) volume in
31?



Day 4:
Sw

Lasttim ⇒multilinear
, antisymmetricdECV.wt-t.IO#sYEt5*twEtSE+S0E)BCv,w)=-Bcw,v

)
80

8vtswgwk-forni.in/-egrandotrerri-surtaapygg.,ny.gf
Goal : want 2-form DE sit §gE=§d{
( DE is e¥wdate) I /Eolv ) + Esucw) + Egwc-bi-E.tw)

integral
Faraday 's law : = 's?o¥tE_wH - Eol-gt-s.cn)Sase =§{pE antisym ✓

SgsÉ.de=
-SsB÷ñds 05 B dE(vid :=PñE×Cv ) -⑦Ecw) bilinear ✓

Kerb P×É = - PT sw Svtsw

{SE =
-SSB *, o ;¥;=o¥Ñ;¥ in cards : E- Exdxtt-ydxi-E.dz

dE(%z^)=2yEz-2zEy
dE(%i)=2zE×- HE, } dE=GÉ -2¥,/dyndz + • • .SE# p.DE gp
DECK,-i)=2×E,-2,E×

= (FE)

ydzndxi-GxEzdxnd.it/TxE)ydyndzSTdKesthm:SfxE.rids--GE.de E:É::dE:p# SosE⇒sÑ⇒dE=B_as 8-70
, gtfpde → dEµw)

(
2 - form

Gauss 's law want dw sit Suda = Sawdiff .

Sup:S
,

• rids p=p•É ④## €÷EI¥
W

""

÷.my?.
☒ ⇐ and. #↳" " d""

dafu,yw)= Tluwlvsw) - tvalwu) + Jwala,v)

* dx=dyndz*%*⇒¥É÷÷÷÷.=#5
, P=§u*E d*E=(2×8×+2,4+2,9) dxndynda = ⑦•E) dxndyndz

* dz = dxndy
*ere l*d*E=p

*:r"→r
" -" ( linear ☒ I = dxndyndz



5-" Day -

fbeneralizedstoke.am#last t.me : exterior derivative
,

o↳É¥→fp-odd¢=②×2Nd× +2,2×46×+2,2×4ddndxt.ci
Exterior derivative algebraic properties :

" d¢=*d×+t¢↳+#a ,

= 2×2,4 dxndyts.ydxbdyndxt.ir flux

exterior algebra R•, 1 ?d%Ñ"→Ñ d :p
"
"

" AHH = (2×2,4-2,0×01)dxndyx . . . =O as mixed partials

" " ""→

commute

geometrically :D d :D →r
'

sends find to differential d¢

¢- to got %0=5,nd4=§µd¢= So ,µ¢ -tI¥¥¥¥⇒÷÷:*
.

3) Prodotnte : dCw^M)=dwnµ + a)
"

windy w.su#......n,¥
.

n
E-70 ✗ E 1-7%0 ✗ E

B 1-70013need d(wnµ)= - daw) for 1-forms PxE= DE 8xB=d*B4) d(dw)=O P ✓ÉfB4mpy ☐• E- d*E ñB=dB

{ =E×d×t Eydyttzdz C- n' GR})Maxwelliseas D=dstdtnh-dkndtt-diudttd.tk#d*F=d*Bndt-d*EB--Bxdyndz 1- Bydzndx +Bzdxndx C- 141123) d * { = ds*E+É^dt,,,,,,,d*""""*""g. 13=0 g. go
dF= dCEnd+) + dB dB=dsBtd+^Ñ

=
- d. ☒ { + G. ☒B- *E) ndt☒

' { 8×1=+2+13--0 =dsP+(dsE+Ñ)dt
NB -25=0 d*f=y<⇒ds*E=P ☒sowa⇐>d*F=~①

% dF=o<⇒
dsB=o

① *
dse+ñ=o

! ! ! (*¥÷X⇒d
E- -4¢ - it

4.potential A=d^dt + ADYE:P
tri Potentials :

" = ""
⇒ p=d, Ann,

dsB -0 É -7¢ - it

☒F- *Bndt
- *E

* {
dsE+B=o d. *B- E- Terim ÉF=÷i¥¥÷É=÷;

note : * d- sets extra - SB "
o pi;E dty-dtndsdtddl-dttdslttd.tn/I--dsA+(-dsd-/t)ndt--BtEndt

Define Faraday 2-firm FE Endt +BEKIR
't
) "maxwell tensor

"
or, F- dy

f- = Fnzdxnndxv Fmi (
° - E"""

y=-p + Jndt c- Ñ( 1129a Bx - By) 4- current maxwellseast-d.la/--0d*db--II#
- *

0 OBZ

Wax path about significance d- combining Ed Pinto Field tenor? Gevgethny talk



Day 6 :

Last time : Maxwell's equations
F- {^dt+B Fact : ever, closed form has potential Locate fpancare lemma ) Analytic singularity : 0.8-a8 "

dF=0
can Fail to exist globally

or
.
M= IR

'
- {Xo} T.IO dB =o

-

( Topology ! ! ) ☒
c- 5GB =/0 ⇒ BFDA

, S non contractiblep-otent.o.is:1#rmAs.+F=dss=od+dIE.=dT=-tE "• Pot""" ⇒ 7 "" ""tract" "°P

%÷;÷÷÷÷. ={•,⇒,=+i{ BldB=o}dA=B

always exists for dE=o on 1123: 41×1=5
,
E e :(01=+0 É = ¥as÷ = tf

" "

de - Rahm cohomology"
eco --✗ ( { Ear

' / '

E=dQ} Wormhole¢ well defined : %!?q× fq.ee,= SIDE ⇒ Sqq = gag,
"b" Potent" "

Xo
"

closed
"

in general. dw=ooniRhc⇒ai-%É counts holes . H' (F) = pi
Ta

"

¥¥÷÷÷::÷
.

"

s:÷÷:*::÷÷ ,
analytic & topological defects locally indistinguishabled

→ so dad not uniquely definedT2 or other way. . Tttiyah index thm

hodge laplacianMaxwell 's eqs : dF=d*F=O ⇒ OF=/d*dtdd*)F=0
pf : ⇒isci

0d"dF=-dd"F ⇒ Hd"dF1f= -(did Edd #f) = -Cdf,.to/Id*F)--O--7d*dF=0dd*F-O,.,,...,..,,..a,.,..,,....,.,..,,..,
, , ,⇐. ?"

"

m ,

,.,!dd*F=o ⇒ d☒F=o

Q : potential A ambiguus upto dA=o .
How to pick one potential in the class H

'

? dF=O @ end :

- -

n ni.
- Nett Half : symplectic geometry

inner product on AP ( d. B) : = { ✗ → B
m

Ohcompactspacetimqsesolutionstovacoommaweatit - Final project → ps

Non degerate : CLB>=OtB⇒ 2=0
- read a paper & give a short report on what You understood

space of solutions to

{Closed } = {exact } ☒ {±É ? ☒ Sdu *B-- Sdk - ☒B) - f✗^d*B=Sd^*l*d*D
giffeq

(⇒ topology from it

- lots of cool stuff I wish I could talk abt¥ Cdx
,
B)= (✗

,
☒d *B) :=L✗,d*B> '

-Atiyah - Singer index than '
I

-

Motivation : very helpful skill : extracting stone from hard

stuffsc- { exact}t ⇒ (dd, B) = 0 ⇒ (2
,
☒ d *By =p ⇒ * d*p=O M= 5×112 F time independent

' see the forest w/o understanding the trees
f-✗ spare time - Ndt graded on accuracy

- Yang a Mills eas : electromagnetism 6=7 sweat the dF=o

ggg.gg
ds*B :O - Challenge yourself !Hodge µ,==o⇒

" E "

g. * ✗ =,} inharmonic firm higher rank electromagnetism dsB=O - if you have specific interest in Math or physics, talk to me
Theorem

: HE {%É÷, = { ✗ erp I
da -0

[ matrices nonlinear

d.
*

: dPH→rP P* "j
"

¥1 Pj dx=d*x=oc⇒(d*dtdd¥=o * =O
- due ~ last day of class

Laplacian space of solutions is hard & weird , but reflects topology of M
- Office Hours [for real this time)

- .
. ⇒R" -5hr rPHd→ . . .

- Feedbackd%+dd*r¥ % revolutionized 4-manifold topology \ N - survey on elms







Day 8 : manifolds
Last time ; Hamiltonian mechanics H :

"

energy function " H:lÑ→ "? Y¥¥har, y;µµ qq.ge/Rhdd'
""""
" ""d

i /
p=×c+,

QAnon) ilnlusnon)
What D velocity ?

time evolution : ✗ti (¥4
,

' ¥ani¥pi%¥pn) w[×µ,→=d# option 1 : f
Jacobian

2) way to move between charts Yi; = Yi 4! ⑥Ñ a collection viElRh@4iCpJS.t Vi=D4ijV;

spnerraipendum"%!÷÷÷÷"÷C ??? How to define V
Def : adif-nt.tk Matroid is a space M Éoption , ; extreme

"" idh Path × : IR → s? then V=°×H - " ? w/ an atlas { vi. 4 :} g.+ M= Uui
52C IR

}

✗ [☐ c- 1123 ⇒ ICH EIR? " ill
"

defined & lis & yij
'

is different:b /e
"

local coordinates "

option 2 : intrinsic

IN defined on 112h .
. - so just map 5 to IR

'

locally ! ! ManifddsarÉda
"

atlas
"

u

"chart
"Qmiky.int"

south e☒pFy①n) north



Day 9: cotangent spaces
r

Last time ? Manifolds ! ! M
"

looks like " IR
"

Differential forms :
"

cotangent vector "

can do calculus ! ! velocity ETPM
,

momentum and
.

'

velocity nI eavivlnt
Pe T*qM ⇒ P : Tam -7112 - eats velocity spits out #

Tangent vector @ p : 1st derivative of path ✗G) H=÷m+vw Hamiltons eas : F- Im so F- Mr
wavefronts

cotangent bundle : T*M= Wa TEM
pay .ir#e1R 0-14 happens w/ this type of hamiltonian !! ☒µY÷,M= take" P ""

" """

I fwm field : p (a) e TEM, p : M→T*M p.ir : M→ IR """" ' "" " tm

Cute hensen : de Broglie principle momentum p ⇒ ware eipx
¥

"

Tangent bundle' TM = UTM eipx-a.si-

manifold of dimension 2m
✗

' ×

Works like IR
"

: wedge products , integrals, stokes thm
,
etc

☒

Examples : TIRE 1121112
" Td=$×R ¥,⇒¥

Ts:{↳ i)HRW / 11*1=1 &ñ•I=o}n¥pi×5 Mechanics on a manifold : configuration space M
,

Phase space f- I'M

bI-nxiTst_sZCxili-xIM_me@ntm3a-iersitonqeM.momentum PETE M
vector field = function VA ) EIM, or V: M→ TM

,

%
w/ tou :M→M

identityd. A



Day 10

tangent spaces ⇒ tangent bundles

mumgtY④ Example : Pendulum : configuration space M=dlastt.mi.si i⇒ ☒ is ' is a

H= P2
✓

'

Im
+ mgrcosq

② 9. Esl
,PETYslqntsp-T-dy.fmdp -mgr sing d9

w
-

- dqndp
alla:B.fi ;pg)=oiÉp ;

'

⇒ wclñsp) , -7 = Gdp- PdqTautological 1-form : a point cap)onP=T*M .is f-form @ namely l¥*M
Choose 1-form qq.pf-TE.jp :P itself ! for

✓ c- Tap,P, G- ( v) : = plans wffqjp)
,
_)=dH⇒ Ñ=Pm D= msrsihq

*¥ÉmCoords (9
, ,

.
.,9n

,

P . , . . ,Pn) on 1-
*

M : ftp.dqi-i.i-pndqQ

""

✓
encodes phase space stricture

"

symplectic form
"

W= dpindqt . .- tdpnndqn = dG

Hamiltonian mechanics : time evolution XH satisfies WCXH
,
-)=dH

vector field FAW|¥at symplectic manifolds In - dimensional manifold ,P
Pf: want to find fns Piled , 9,1×1 star Edp

.

-adq.
✗ ⇒ ¢

, 4×1-+1=0/+1×1
,

I -_ ✗W 2-form,
dw -0, w×(×

,
-3=0 ⇐ X=oWp=a /it:p

"closed "
" nondegerate " ✗c- IP

Pointwise: w×# matrix W :T×P→T×P
"

Y÷!" aefnebassept@o.o
tie derivative ✗✗ "

fisherman 's formative
IR
"

Iran
WI - W w

a
1

in.ae"

"

wcxr.xat-dacxo.ttW
"

normal form
"

: basis e. e.ii. sense.
'
sit W=[ %

, ]
"" th " 's haste Fvmola ↳ ✗ = c-

✗
did +di

✗ ✗
Pf : w diagonal >able

,
has basis Visit wzi-jiziaxe.se, % nondegnate (tis)= ¢? ¢ ? (go)but

, ÑÑzi=tiHViÑ , - tilth.IE#-wTri-w-F.2i--til12ili-t.---tidetw--o a :O Scarf as" w:["" . .in#nfEfiiF..Jnondegeratc:-oxneaonx.-*o
£✗

"

¥ff¥a-✗no

✗if
Da's theorem : every symplectic form locally looks like Edpindai

i.e there are
"

coordinates
"

0: ✓→ IR
"

s.tw/u=o*Ed.qn.dp; ¥! W - W"

normal form " of w extends from pt ✗ to all U !
pt : later



Day 11
Last t.me : Vector field flow : i :P→TP

Da's theorem
. every symplectic form locally looks like Edpindai trajectory of vector field Cx) : ✗(t) St I

#⇐ × - ✗G)=%=÷* É① *
symplectic form on cotangent ire there are

"

coordinates
"

01 : ✓→ IR
"

s.tw/u=o*gd.qn.dp;bundles track all trajectories at once !
a- Edqndp on while open set U ! !

H=P%m -mgrasq ④ (✗D= ✗A)✗H
WH"-→=D "

start @ " ""
" "" +

"

untoward
so
, lot:p→ p

symplectic manifold : locally modeled on phase space contrast:
t curative flow d-

+

it - heiresses flow of ✗ÉPÉE 911 symplectic forms Locally identical
☒ """"" "" ⇒ "" """""e "

gyµyg ggµyy
,

so
, ¢+0 d-

+
= 4+-1=40 = id

↳ simp . sea
"

raid
" É¥?¥-

"
%'¥É=⇐x=oW 2-form,
dw -0

"nondeserale " Lie derivative (f.shamans derivative) .

Nondeoserate⇒ Xy vnihve: it wlxq-j-alq.ir )=dH
,

then w( ✗way;-) = a

curvature Kal
invariant

✗ it exists : map T¥P→T×P linear
, inieme.am#P--d.mTxP ⇒ Xµ=✗tp

✗ • = ¥ ¢+*W
dit t XH ⇒ map is isomorphism !



Day 12
Last time : Abstract sxmpedncmfld (Rw) W "¥

- HE 2hm w preserved under ham ,

"

Cartan 's magic formula
"

d×w= ixdwtdixw
vector field ✗ ⇒ flow ⑤(a) s.+ ✗ A) = ¢+44 Sig thirteen of ✗ wts : Sgw=§+w

A- Ssd×w=¥S¢sw=¥n→o Solssw - Ssw
s so. AB ¥¥*¥gLie derivative / " fisherman derma me "

do -- A- + B ⇒ A-- so- B
change @ point Wrt

flow -# ways
soon Soda -_ 0 ⇒ Saw-Saw A

s µ•g
split into males .mu} infetesimal picture:÷÷¥¥

,

"¥¥#É÷÷÷
""

t.ms#.s...+a..=.*-*"

es {L×E=¥S¢cE an Ssw - S w=µ✗µw
ien.tn

t¥o¥+w= too
s ,

¥¥¥É?g Soo"Ñ=Sdw=S dwlxn-t-si.io
L×:si→rP ×, 5 "I s s

or
, µ,q=¥¢FgP"b

"'t ¥Y¥Spw=¥→oISos×±a= Sgswlxti,-1=5,14--5*4--0
"Kew"" D= Sgg×¥=sggixw-sgdixwscdxE-tim-ofsc.to#cESThus

, 5,2µW -0 Its ⇒ dxna -0, {w=S¢¥.su , w=ÑÉw

0

Example . GD)Thm (Lowville) : Lyµw = ix.edu/tdiy..w-=ddH--0

④(
,,

P•✗µ= 8×81-1=0 Pf: suppose the trajectory never set within Be
,
ball rad.us e about origin

ngyy consider
"

noodle" µ ¢ Be ; noodle self - intersection invariant under lot⇒ d*i ⇒ any self - intersection implies a trajectory hitting Be ⇒ no self -intersection

or
, the symplectic structure is preserved under Hamiltonian flow

" so
,
noodle is exclusive zone of ever increasing volume-

-
-

-

-

-

- -

④you =q as it should be 1
.
! !

lairille theorem immediate from fundamental fact d✗aw=0 ⇒ trajectory cannot be banded
wq

(converse : 2×w=o ⇒ ✗ finally) hamiltonian)
"cess of symplectic geo: formalism !! ! --

-

2D SHIU
'

2h - D volume : # assigned to 2h - D submfld e.9 F-MM, H= 11MHz + VID
,
mmV=O

, & ✗ CH lies on HAWKE

= integral of 2n from " volume fam" '

then ✗ ft) C sphere size in TKM
so

R=¥f=ñw÷mw noted -1-0 poodle M finite volume ⇒ trajectory bounded

-

- xd E-
5 : gas on a ball p=T*( BN) µ y 1023 but BN still finite

(dqndp.tda-ddhdpitdqidpzy-F-frajmnfm.com region
,!.÷÷.FI?!+.E.............+ ""he"

# dcepdpindqzndpz

gw=Sdqndp measures and Hd%^dmd%^dn ⇒ If you wait long enough, the gas in this room
in '"at cards

, D= dqndnn . -ndqandpn Will
return arbitrarily close tr its sthv tons Ptt !

area in phase space i pretend ! 5µg, Y-n.su#El=ful4*wnI--SuwI
Volume is preserved !!



Day 13
"

Last time ; Symmetries : Formally: IP : 8=112×113 cap) _•→a
"

lie derivative Lx
Consider a particle moving through free space: Translation symmetry ? Hla,p)=H(9tA,P) ⇒ Hca,pff(p)measures change adrect.us along ✗

Hamiltonian

2µW =D w symplectic form
H:P→R

•→ Q? which direction does it 90

ganst
01-1=1:) ✗ +1=-46)

Neither ! else
,

breaks
WCXH

,
_)=dH Left ? or Right ?

symmetry
velocity = a- Part of Xiy = ÉCP)= const!

Lhasespaoepreservedvndorttam.it#-anevovtion~ Q: How fast is it? =
In

so
V=É= Pym⇒ Loonie theorem shower ? or Faster? Neither! else breaks really

,
f=pZ

symmetry

at volume form , volume is preserved (divergence free ) ⇒ velocity is constant & (Newton 's 1st) Translation "generated by
"

P
or dcxdpcxi;-) =dp

for H=p
, Tp - (f) Xp -_ (d) ⇒ ✗µ=°q

flow of Xp ¢+×p(9. D= (qtt,P)

General symmetry :

¥ivector field Y gives
symmetric direction on P;

Classical mechanics system (41-1) symmetric ⇒ • dyW=O ↳ →

• directional derivative YIH)=dHlY)=O
LyW 0 ⇒ dw( Y

, -1=0 ⇒ Y= ✗
f

Y is ( locally) Hamiltonian,
"

generated
"

by fu f
'

F-✗f
Noether Thm : Every cautious symmetry has a conserved quantity
Thm : if ✗+ (1-1)=0 , then ✗Hcf)=O (f is conserved)

note :

✗HAS :{ tbf}✗flit)=dH( ✗f) = w( Xu
,
✗e) = - wlxgxr, )=-df(XH)= - Xµ(f) P%¥%*+



Day 14
IG G space purnmhrtitzihg Symmetries

Last time : symmetries of Hamiltonian systems Eonntmas symmetries : G is itself a manifoldMultiple symmetries : suppose f
"

:P→ Dissymmetry
vector field Y symmetry of (B as " I

i. e y , now
f- family d- symmetries parametrized by M

"

Lie group
"

w symmetric ⇒ by W -0 ⇒ Y=✗f ( locally) of hamiltonian f Properties : %"

it" F Examples : ¥710
Part.ie: star ftp.t)

Y '

generated by't 1) f-
"

of
"
is symmetry, so f%É=f

""

nettieG
H symmetric ⇒ Y (1-1)--0

closure
Noether theorem : every symmetry has conserved quantity µp particle : Soup (Mt)2) identity is asymmetry

,
so 70 EM sit f°= id

0=4141 : DHCYI : www.Y/=-w(Y,Xn1=-.dfCXa)---✗ * (f) identity
+ :#✗+111-1=0 ⇒ f conserved under H 3) Symmetries are reversible : ft is a symmetry

,
call it f-T.ge Ginverse

4) f.to#fTY=(ftof*)oft
"

⇒ t.tl#x'D=Cxi--i)+~c "

associative

t%µ÷
rotational symmetry: SMP (UH, •)

UID = 1 by 1 unitary matrixsymmetries are a group ! Con groups are symmetries
.
. .)

= a c- 6 s.tl/alF-aa-- I

c. 5 it ¢+µ
,
symmetry te ftp.ffddi#Yp unit circle in ①

3D rotational symmetry : SOG)
svecms@oris.n. each mutually norm ' • ""and Lie algebras 3 direction oh G for group G of symmetries of FBW)
343 matrix [visit.]¥→→¥ [viii.ii. [viii.rÑ=[

"" """ '

II?⇒)=[;i;] G- E Te G each gfG acts on P wear

Xp,vD Chirp

generated by ihfetsinral symmetries : he § ⇒ I gives vet
. field on

so = mutinies M sit MÑ=I & det M -4
'orientation : OH has returns nohabd.am:

for he G-
,

define vector field Ñ by Ñ|µ=(Dk•)b P
generally,1iegwupskgmpsotmatng Is symmetry ⇒ LjW=O ⇒ Ñ= ✗µ(% some hamilton 'M

sold is

archetypical troop Poshforward h to all G
Groups are very symmetric : each point

"

the same
" ✗

µ+n,-5 (h=Ñ+Ñ=Xµ(h)+✗µ( b)
= ✗has)+µCh')"

i
"

=I,
y

from different prospective lie bracket [↳ Hi] = Lñh ⇒u(h+D=µw+nW)
d ñ

Measures noncommvnatirity of G at each point, µ is linear map G-→ IR ⇒ Mp c- § (dual space )

idea : describe lie groups by local structure

De± Momentum map µ :P→g_*Lie Groups ⇒ Lie algebras
M gives family of hamiltonians to generate families of symmetries


