
&TheRiemannHypothea
Part 0 : the Riemann hypothesis

Define theRiemann zeta Function #
some facts about our soup de jour:

- J(s) converges forS real, 3 = 1
.
Here

,
J is analytic

.

4 J(s) for SEK is the unique analytic continuation of Ens
- >(s) satisfies a fructional enration Tsin()+(1s) J()
so we know how 3/1 looks reflected around Rels)= things we understand

- using the fructional equation, we can deduce the following structure of zeros & poles
!

all other zeros are 0 Res=&yfavorite 3 fact :"

critical strip"

"trivial zeros" "Critical line Il InuniversalityS= -2n
, zeros mirrored

forU simply connected w/

Pole & S= 1
v c (2) c Re(2) < 3

,-function on U, &S

I "You can approximate any hold fir by scrolling up on the criticalinBirkoff: this property is generic among holo fns .

But, our only explicit examples are 3-like functions.

Riemann hypothesis : all zeros of 5(s) u/ORe(1 have Re(2)= 2

"Hilbert-ploya conjecture" one potential approach is to Find a self-adjoint

operator # sthe evals ofIti are the zerss of J(s) .
# self-adjoint => evals of F are real => zeros of 3(s) are it it

, tell

In this talk
,
I will discuss some evidence that this magic operator #

is more than a pipe dream, & some attempts to construct F.



Part 1 : RH ' distribution of primes
People always talk about the RH in relation to prime numbers

,
which I

always found mysteriors. As my civic duty
,
I will explain what RH says about primes,

and use this to motivate our operator F.

we capture the distribution of primes w/ the prime counting function

M(x) = 30PEX/P primes or M= S
a = ph

,
p prime

O else
# of primes IX" "weightedsont of prime powers IX"

it &I can be reconstructed from one another

= M(x)
The prime number theorem states

X
u(x) - Tog(x)

=> density of primes - ig
average spacing of primes ~log(x)

π(x) the nth prime Pwnlog(X)

we are interested in the firoration
of #(x) around its arg value *

log(x)

the prime # thm is proved using the 3 function.

Eler product form : 3(s=s
= preps

Ey = i+ 2 + 35 + 4 + 5 + 6 + ...

I = 1 + 2 + 3 + 12 .25 +5 + (2 .3)'+ ... split n into prime factors

= (1 + 2 + (22)"+ ... ) (1+3+ (3.3) + ... ) factor sum by prime factors

L geometric series formula

dynamicsFundamental analogy :
~

number theory
primes I simple closed orbits

we hope to study 5 using integers orbit sets
a dynamical system. (multisets of closed orbits)



Dynamicalfora
manifold (Y) w Reona

- sA(x)
R

closed orbit

Where to is the period of G, earal to the action Syx = &(2)
&

We will later try to construct a contact manifold whose dynamical

Zeta function equals the Riemann 3-function. This will let us attack

the Riemann hypothesis.

Relatingto prime distributions

power series
of -log(1 -*/

log3(s) = log 17.pi = E-log(1 . pi) =& P+ php-

now represent pt as a forrier-laplace transform :

Soedx:

Plysing in a = In(p)
, ps-sex=)

10956) = perm (1)" "(x)
=-spe

In 2
-m

=-s .E (poe(
,
a)

In-

In5 m

=

- > (M(n(x)) +1u
by fourier inversion formula, i

M (In() = [(3(s)) #
= Jesds The Riemann zeta function givesthe

#integration contro
Farrier Transform of the prime power counting fr !



From here
,
Riemann evaluates this fourier transform. He does this

by introducing an entire function 5(s) w/ roots @ every nontrivial rest of 3:

3 (s) = = M(1 - e) O nontrivial zero

P

then proving a functional equation relating 3(s) to 3 (s) using T.

Finally
,

he plugs all this in to lys & evaluates the integral :

↑ (x) = (i (x) - [Li(x)+(i) + list Riemann's
P explicit formula~ ninten Chump

Lik=Sghdtvx osscilations in M(X) from ang, change

measured by roots of 39s)
first approximate of M(x)

Approximating M(X) using
the explicit zeros gives

Erier expansion

Here's a more workable modern form of the explicit formula by weil :

let the nontrivial zeros On= + irn
.

Let & be a test fruction . then,

1

&(d) =Emp - y(0) In i
M -

p Prime enInP/z constant termchomp change-
π(x) - (i(x) Som over prime powers In pr

function Y measured on Zeros of JE) forrier transform & measured on In(PY)



Roughly, Sum of deltas supported at zeros of 3 is farrier deal to

distribution supported on primes.

RH is true E legs of prime powers forms a Quicrystal

forier transform of a discrets set

is a discrete set

RH is true- > the primes have music in them

RH is tre- > the primes are well distributed

I u has an even # of prime factors

I
define the mobius function M(n)= E - I h has an odd # of prime factors

O h has a prime square

M(n)= En M(x) RH = M(n) = 0 (m)
(what you would expect from a random walk,
if M/n) had random parity)

the Merten's conjective
,

M/m) = En , isI Else . First counterexample s 103(2 / 81004



Part 2 : trace formula

we want to marize the RH
, by finding an operator whose zeros give

the zeros of 3 (s) . To make this more plausible, let me describe a

different zeta fruction whose zerss are the spectrum of an operator.

geometryAnalogy :NLumber Theory Riemannian

Primes simple closed geodesics classical periodic orbits
Zeros of 3(s) errals of laplasian Quantum periodic orbits

Zeta function
I
Dynamical zeta function

for schrodinger equation

Example: Prission summation formula

consider riemannia manifold (S; e) w/ length

spectral theory Geodesic flow

laplasian -2. single periodic orbit
, length

e. functions eike ktZ eval It ↑ length spectrum = Elength 2 /O closed geodesic]

I kE2
Spectrum Kel

"Trase of function of
h test function

, Tre=(= (k)
g laplace operator given by

sum over periodic orbits"

Example : Selberg trase formula

Let (2 , g) be a compact, hyperbolic surface.

denote the evals of. 8

I
denote D = Esimple, closed geodesics?

by 0x ,
=

... Ind ...

let Up denote the length of pop

ETH)(a)(4) tanh(i)d = Elp.news
Tw(41) Spectral expected distribution of-

eigenvalues Sum over closed geodesics ph

moral : geodesics govern Entrations of evalue distribution around expected distribution.

The selberg trase formula looks strikingly similar to the Weil explicit formula ...



in fact, we can construct a 3-th whose zeros aretrile !

- (s+ k)lp
3g(s): +M1-e &I don't know why this isn't 17.Fees ... )

PEJ Ke

This is the Selberg Inution ,

- O is a zero of 3gE) P(1-0) is an evalue of ↓ /zeros are spectral

i P = Etim, thenn= Pn(ten) = # ++2) Un
= Unit (this is why Not appears above)

&It is positive and self-abjoint, so in is always real. Thus
, On lies on critical strip ItiRR.

So, the RH holds for the selberg 3-fn !

Semiclassical trace formula :

now we generalize significantly. We wish for an operator It such that

the eigenvalves give the zerss of 3
.

Try as we might, no laplasians seem to work.

Guess : I is the antization of a classical Hamiltonian
.

Quantization
(M, w) symplectic -> Hilbert space I

HiM-IR Hamiltonian fr -> self-adjoint operator # : He

There are many schemes for doing this
.

Here's one which idl if itworks.

but
,

it's the most suggestive of symplestic homology

let (W, W) be a Weinstein domain
.

W has a sanonical complex structure. in /completion;
2W= Y is a contact manifold

,
wis W , symplectic completion T w -I let & be the Livvie field, with X* = JU

.
Then

, idja = W. ⑳-

-
Define the Hilbert space level jet ofad #
H = H((W

,
e") = Hold

. fructions 1 Ef:+1) If= Steco u

on w

Holomorphic , L functions wrt weight e
" Et

gets negative as we

a mate
leave w

LetH be a fruction which is

avahadon
Wea



Now we defineF :

I define 2 by the orthogonal projection it : [(W,e -> Hilw, el =2
use My : (W, er) - [(W, el) to denote multiplication by H

,
Myf = If

LDefine the Toeplitz operator #= MHπ
,
# : 2+ H

closest you can get to multiplying by H in If

Let Ej denote the eigenvales of # in order (we expect only ecrmolationpt to beo

Those enagies satisfy a trace formula .

Cut least they aught to
,
I haven't found this

particular setup written any where

This one is asymptotic
, probing the large-energies. Let to O be the asymptotic parameter.

Semiclassical Trace formula :

fix a regular level E of H .
Let &E = #(E) . Let Odenote the simple closed orbits

on EE
,
& for UEO

,
O"the n-fold orbit .

lower order terms are differential-

1

&

&Evol(e)() +E
operators of a evaluated
at Zerg

horm in on energiesnh)near E

Yep
W

Linearized first return map

# we choose E so thatH is linear already & E, then we can describe

this purely in terms of the contact manifold (Y
,
X) & the reeb orbits.

[Y(EE)=MEA (()
I lower order terms

first return map on contact structure

Selberg trase formula : application of this formula to S
&
S
,
for

& a hyperbolic surface. Selberg formula is exact
,
not requiring

the lower order terms.



Trace formula Schema :

According to the path integral interpretation of Quantum mechanics
,
we expect

the quantization to be given by an integral over the space of paths.

To take a trace
,
we integrate over the space of loops LW

[Y(EE)"="SiSYIEDU this is not well defined.

&

define S(x) = (px +Y() , the action . the integrand is eislt we wish
↑

to compute this integral asymatically as +0. to do this, we formally
apply theStationary phase approximation .

#Nationaryphase in finite dimensions : if P : /R-IR is morse , then

↳Send fi
iP(P)/t

+ o(t*)
P crit pts &

so the integral JaniSA pr should concentrate around the critala

points of S(0). These are closed hamiltonian orbits

-Periodbits : These are the constant loops, WCLW.

↳> contributes term t"vol(SE)Y() +0(* 4)
Period TCO closed orbit U :
-

↳ signature of Hessian = C2(U) plugged in to stationary phase,

these repoduce the semiclassical↳ 3. trace formula
- Phase eiSh = ei/t



Part 3 : Proving (2) the RH

suppose that the eigenvalues of E agreed with this heights of zeros of JCs) : We

need the explicit formula for 3 to agreew/ the trace formula.

This imposes strong restrictions on the dynamics of Ho To prove RH :

- find H with the necessary "Riemann dynamics"
- find a sensible way to quantize H into #
- prove the evals of + : are exactly the zeros of 3(s)
Then

,
it is by construction self-adjoint . So

,
the RH is true.

Explicit formula

24 (r) -Fr(d)=nInP/z
p Prime

Semiclassical trace formula ⑪

[Y/E;E) = vol(EE)y() +E (Tur)+
Yep R

The "Riemann dynamics" must satisfy :

O the periods of simple closed orbits most be In P
,
one orbit for each

Prime P . the dynamical zeta function is then

3 xy1) = prime.Fem =

1=p
= 3()

So we are looking for a Hamiltonian/contact system whose dynamical

Zeta fu is the Riemank Zeta fr. The trace formula suggests that,

like the selberg zeta function, the quantization of the dynamics finds

roots of the dynamical zeta function.

② the conley-chender index of every (non) simple orbit is 4.

This already feels impossible . We might be saved by some crazy addles spaces,

See Connes
.

& det 1- Pyn = enMP= eTrh Therefore, the first return map grows

Proportionally with the period for every orbit. Every orbit has Lyapanor exponent 1.

The Riemann dynamics are uniformly hit.



- The Riemann dynamics are chaotic. The pair correlation function of the

Riemann Zeros exactly agrees w/ those of a random hermitian matrix. you

expect this to be ture for energies of chaotic systems

& controls UC H, E)
.

This is hard to see in this form of the

semiclassical trace formula . Instead
, we compare :

N(E) = # Ezers)/ im PCE3
, Ng(E) ~Elog E Weyl's law : # of eralsE

Ni(E) : #Gerals 1 of F1 XCEE
, NiCE)-rd(H(-X,El) ~volome of phase space. -E

so vol(ri(-0,=) ~Elog(E)

⑤ Our Quantization scheme needs the trace formula to match the J-explicit formula.

So the trace formula must be exact, like it is for the selberg trace formula

The XP hamiltonian : our best attempt at satisfying the conditions above

the simplest homogenously hyperbolic hamiltonian is H= XP on T
*

IR = 11

fortunatly , its sublevel sets are infinitly larges so NyCE) is

Fastens ,
we "regularize, shopping off the part near tablyI

infinite.

to#
compare this to the smouth error term in the Lero counting function :

Ng(E)=(E) +N NSMCE)=F↓
controlled by primes

conteredyis

NM(E-NFC = NECE)-(() + z +0 as E+ 0 !

Therefore
, # if it can be defined) has the same asymptotic distribution

of its eigenvalves as the zeros of 3 !



More recently
, Berry-Keating found H(x, p) = (x++y (P++b)

this also has the correct spectral
(X +y)(p+) asymptotics !

- it doesn't require an ad-has regularization
Procedure

- it has a well-defined Quantization

unfortunatly
,
the smoothed eral scontingIn only

agrees w/ the zero counting for asymptotically.

and the osscilations are totally different.

So
,

does not solve RH.

-

My proof (pending) of the Riemann hypothesis.

The Xp hamiltonian is good because it has the right area sublevel sets.

we can transfer this property to higher dimensions·

If (M
,
w) is symplectic andt is a symplestic complex line bondle, thea

we can consider a Hamiltonian which is fiberwise XP. This should share the
-

semiclassical spectral asymptotics with Xp
,
if vol (M) =1.

A good example is T*E for a surface E . Since E is symplectic,

the fibers T
*
2 inhaet a sympleatic structures so this is a symplectic bandle.

note that
,
after a change of coordinates

,

XP = X= p?

# function on T
*E which is fiberwise X=ph is the sumbol of a

inner product . (E
, H)

.
The orbits of this hamiltonianin 2D m/ signature (vi)

arerentzian geodesics.

The Quantization
, pre-regularization,⑭ is the De Lambertian : the Laplasian

in signature (ID) . This is hyperbolic,

& holl lines of in each
giving the wave equation on a compact

fangent space 2) spacetime. Nasty stuff.



# F we can find a 2D Coventzian surface with geodosics of length
In (P) for p prime, that has a shot at being the long-sought Riemann dynamics.

Questions for you :

- can we attack Lorentzian geodesic flows with humiltonian/contact
dynamics ? I caldn't find any flow-theoretic approaches·

- can we find/rule out Riemanniam dynamics using Floor

theory ?
↳ something for : if primitive orbits have action Imp

,
consider the

orbit sets in . ECH
. They have action In (h) for every integer I

each action appearing from exactly one orbit set.

I wonder what the ECH indicies are ...?


