
Student Symplectic Seminar
Quasihamiltonian G-spaces & loop groups

-

--

$1 : my favorite manifold
my favorite manifold is the modeli space of flat G-bundles on a Riemann surface

p = ExG
fix a Riemann Surface &

, & a trivial principle G-bundle ↳

connectiononetned by a Lied-valued form As a

define M+ (2) = GA-(@)/ F+=03/Garge transforms
Thm /Ativan bott: Mrt(2) is a symplestic manifold
-

I
we define Mt(E) as an infinite dimensional symplectic reduction

let A=R (5,9) be the space of connections , E = Art(p)
= Mars (5, G) the group of garge transforms

skilling form
A is symplectic with symplectic form (2, B) = Szxnp)

I
EGA is hamiltonian at, with moment map M:+ Lie

*

Lie(f) =1° (5, 9)
,
Lie(t)"=(E) , via poincare duality

Ihemomentmap interature : M: A # FA+(5,@) = Lie (8)
*

explicitly JER(E, &) generates vector field VITA =R (2
,2) by Vi = [52]+ d>

iv w =S

I symplectic reductionA//82 = (0)/E = Eflat connections3/Garge transforms =Mt(s)
endows Mr (EE) : A/E with a symplectic form
-

As a manifold
, we can construct a finite dimensional model via the Riemann-

Hilbert correspondence : The only garge invariants of a connection come from monodromy
for a flat connection

, monodromy is topological
↑

The monodromy perspective gives a finite dimal model :



M*(2) = Hom(),6)
descriptionofMcmodromy around every loop
F

&"Changeofscordinates,gardetransform
asting on basepitas

F Explicitally:A
B2
for flat connection C

, denot manodromies as Hold d =a:

ai
,
bit G

.

Hom(
,G=bbbb = e

Hit t

for garge transformg ,
action on mondremy is g. ai = g(pag(p) at i

g . bi = g(p) big(p) Conjugation

(2) =H = MCelyg for G acting on G by conjugationo

Q :can we recover the symplectic form on M from this finite dimal model?

idea : M"(e)/6 looks like a "symplectic reduction" of 22

issue is
,
M isn't g-valued· It's G-valued·

32 : Quasihamiltonian G-spaces
Let's review the classical definition carefully

Def a Hamiltonian G-space is a manifold M with structures

1 . 2-formC

2. G action
,

encoded infinitesimally: each 5Eg acts on M by a restor field Vast [Va
,
Va] = VE)

3. G-equivariant map M : M- &*, where Easts on & by the coadjoint. action

satisfyingIa) ir,w = d <M
,
3) moment map condition

b) da=
Ker(a) =03 symplectic condition

We wish to construct an analagos definition
,
where M : M- > G . a "lie group

valued moment map"

Def a Quasi-Hamiltonian G-space is a manifold M with structures

I
1 . 2-form a

2. G action.

3. G-equivariant map M : M+ G ,
where Gasts on G by conjugation

Isatisfying



al izw =<**(0+ &R) , 3) fill these in during tallI b)da = u* 2 3
(Her w = GVz) Ada + 3=03

first we need the moment map type condition
.
Instead of specifying Vs as

hamiltonian restor fields
,
'We soffice to describe their pairing with W

.
This should

depend only on 3 & the geometry of the moment map M.

Define the g valued I form (gw(s) = [vgW Igwer' (M,&
*)

moment map condition should be of the form IgW =M
*(2) for some*

in particular , [gW(V3) = < [MxVs)
by G-equivariance, My Vs is the vector field on G generating the conirgation action.

denote this by 34 Note 3** 52-ye
,

w/ " canonical left invariant restfels
zR right invariant rest field

The natural choice of 2 is the Macer-Cartan form

F = gdgER"(G, 9) is "Left-invariant" Maver cartan form

O moves rectors in TgG to TeGeg via left multiplication

=>3463E M)/g = -Adg3 ·
Similarly FR = dgg" is "Right invariant" Maver cartun form

fR(z) = 3 f*(34(g = Adg]
Let's guess & check until we find a good definition for

IgW=M) : thentry <= E , try CFR)
, [q

= u
*

<- (6
+
+#P
, %)

ivw(V) (V ivw()=(5
= (033] -(%+ Ade(c) + (Adm(x32-/2)

,
3
,
]

c(Vivad*Adm3) X I ~ (vsVs)= /Adm5c, 3) - (32
,
Ada5,)
V

not antisymmetric in 3,32 antisymmetri(

Moment map condition (condition a:= u*(((t+=4),%)



but moment map condition + G invariance of => dwf

0 = Luw = divw + zda
=> [vdw =dr

*

( :(f+=), 3) =u
+((t(dt+ deR,3)

Solution : impose da=u
*X for &EH"(GR) : X most satisfy [zadX = (Ed/EFER), 3)

Maver cartan equation : do + (6,] = 0 Co defines flat connection on G-bundleOIde + (eeR] =g

=> -X= ((0467,04= (CERER]
,
ER) "Cartan 3-form"

generator of H(6
,2) =& for G simple

derivative condition:(=M*X
The moment map condition also breaks nondegeracy. indeed

s
if (0 ER)3*=

then ErzW0 . Lie theoretically , (ER)/3Hd)=0 whenever Adm+ 3=

impose maximal nondegeracy : sucha yeild the Only Kerne of or

condition(:x = 35 +@lAduw3+ 53

Examplesof Q-Hamiltonian G-spaces
i) Conjugacy classes of G : denote by 24G

these are the QHum version of the coadjoint orbit

· G-action : Conjugation
· moment map : the inclusion M : 2-> G

·((5,34 * (431
, AdgEc)-(usAdgE1) (TC generated by 3Hd):

ii) The Double DCG) : D/G) = GXG as a manifold

· G- action : go(a,b) = (gag", gbg") encouraging for realizing
Hom(, (2)

,
6) as moment map condition

· moment map u (ab) = abaib

· w = -(G
,
b*)+ t(a fb

*04+ z((a3)
*

04 labi
*

ER)



33 : Loop groups eat(s)
idea for constrating M+(2) : drill out a point

let E = ELD for Da disa.
.

This has boundary!

Go(s) (G(2) is Kernel of restriction to GS' (i .e gauge transform preserves bdry)
Define M(5) = Afint(E)/Eg(E) - infinite dimensional symplectic manifold

residual garge transform : E(S)/Eg()= Maps (s , 6) := LG "Loop group"

M(5') is a hamiltonian LG space !
-

What is LG like as a lie group?

Assume G simple, <) killing form

gELG g : S-G, multiplication pointwise 99
,
(8) = g/6) ·g

,
(A)

G: + g(d)

Lie algebra (G : 2%S, 2) Lg
*
= RS, 2)

for SELE
, GEL

* (3, 27 =SB = S
,

Bla,<do g
+g)

↳Gatoxge transom gdSt action
we want to realize the LG-action on -e(s,g) as a sort of cadjoint action

LG has a canonical central extention [

i .e there is a SES s'(6 -16s .
+ =(s) <z([G)

Think of EG as the total space of a circle bundle over 16

·
IThis has LG-invariant corrature form F- (LG1)

La

F is determined by it's value at the identity : Fle :=we Lg
*

canonical central extention definedby= Sp (3, 232)u

let Eg := Lie (EE) = L@IR
(3 , X

lie bracket ((3, x), (3 :x)] = ([3, 4"), ((3, 3))



affine

choose [C,-L coadaint action : for EEE, w/g its projection to 2,
preserves central

Ad* (x) = (g"2g +Xg ,
"X) Part

comes from central extention a

condidnt action preserves 1 . Restricted to hyperplane X=1, this gives the

action of garge transforms on L*/s])

The affine action is important because it makes the LG action nearly free

Define the bed kep yep 6 = Eg(ELf1y(d : e3 Lo

Fact: theatfine coadjoint action RGGL&* is free ⑳-

#hm:&
*/16 =G

best to think of this garge theoretically : Ly"=R'(S,a) =A(s,z)
-

26 = garge transforms preserving OES

As always
,
the only garge invariants are menodromyI for 2+R (s,g) Define Holsk)EG as the parralel transport from O to s

explicitly, Hols"& Hols = <(s)

Denote overall manodromy by Holi-Hol : Le* -> G

gELG acts oh Hol as Hd(g · d) = g(c Hol()y(d)

I if gerG, Hol(g . d = Holla : Hol is ga
in

also, Hol"(2) = -2 G

Gives principle fibration -G -L" note Lg" contractible
,

so preves that

↓ Ha G = BRG

Hence28/e6 = G G



34 : Hamiltonian LG spaces are QasiHamiltonian G-spaces
Now the punchline: The Holonomy map letsvs trade infinite dimensional Ly

* with finite dimensional

G. Turns cut
,
with careful definitions

.
This induces an equivalence of Hamiltonian LG spaces

and quasihamiltonian G-spaces

Defi a Hamiltonian L space is a banach manifoldM along wita

generated by Ug = T(TM) for JELG
-

(Really, we are defining a LG space M
,

which is a line bundle over M where the

central S' ofIs acts w/ weight I on the line bundle direction
- a symplectic form O : i, GER(M) Sit
- do= 0 needed bis generally TM

*
is much larger than

~ O induces an injection TM
&BTYM

+M in infinite dimensions. This ensures all rector fields

have generating Hamiltonians
- a moment map I :M + L &", equivariant not affine cadiint action on L&

*

s+ [vd(y3) = dS,. (E(x), 5)

example : M(E) for E= ELD

LG acts on 2-A(E) via garge transforms restricted to 22

moment map is : < + < /get (5,@) = 1q
*

ifM is a hamiltonian LG space, by equivariance of , we know eff acts freely

Define MM/1G=M . induced equivariant map

Ed dri
L* #, LEYE = G

M & G carry induced 16/8= G actions
,

where G acts on G by conjugation

Thm : M is a Grasihamiltonim G-space, w/ moment mapa-

a 2-form a on M Sit

I
We have the G-action & the momement map. We need to construct

a) iv
,

w = N
+ (z(0-04), 3) (154b) dw= N

+
X

we wantc to descend from o on M . But,
there is no canonical lift from TM to +M :-M

modify o by polling back a form to ee (g) , so that it isa
i

. e
,

want Of** = Hol
*
W for o satisfying (a) & (b)



need d(0 +**&) = Hol"da = Hol
*X
,

so E = H**X . This holds it

d = HuX on L .

There is a canonical choice for such a primitive :

& = So [HolsE, G, Hols *87 Ed (re)

Facts : d= **I --@d) =(* (ETER), 5) in particular
,

for 37-2, -
*2) =0 . So

, 0.his

This constructs or st W-EC = Holo
,

bas &OH
da = N

* X

Ind=
)
,
3) which giveshamiltoniantive o

I tried so hard to figure out what I means
, why it's canonical

,
etc. !

- It should ultimatly come out of the form defining the canonical central extension

- It should be a sort of curvative of the symplectic structure ofG .

Ca coadirint

fibered above M
orbit)

- It should measure the projective humiltanian action of IG on M
, relating to the prequantum line bonds

- It should be close to the AKS symplectic form on L
*

versly : every Quasihamiltonian C-space MEG comes from MEL* win this construction

-W is Bed pulling bask to M defines -ed bundle than
M

-endow M w/symplectic form Ho* -***

empleThe QshamiltonianspatM,,
22 holon my around

Puncture⑫value of garde transtir e
base pt

the terma on G is built inductivly from DIG described above

G2" = ID(G) * ... ID(0)

where (Mr)EG (Ma
,
WiFiG is thein pict (MixMa

,
NiNz
,
W+Wa +We,No))

M(5) is MHnt(s) //LG =EO force zero monodromy around bodry, & connections to
be flat

= "Quasi hamiltonian reduction"

IhmiitMGiGamGxspace
then for any consas



G only acts on 1 & d by congregation
L

M(2)//eG= (3 = e3/2)//6 :Reduction in stages

=
DIARY/G = M(e)/f = 3(a ,by -yanbn) /(aybi) ...[anbul =e3/ = Hrm(n(4

,4)
T

M(5) is a Quasihamilanian Ge5-space - we reduced away all the symmetries

So
, Mf2) carries [form C satisfying :

1 . dw= u
*X=

2.
Ker w = 331A2=-33 =0
=symplectic

g = 4 each bary carries a copy of G, measuring
holonomy around the lop.

ir Repeatedly fise together
copies of IDCo) = build

In pants decomp. of surface> TikiG G

~
if G*xExe has cords ((abi)

,
Carsba)

,
(as
.b)

19192)tG7 acts by (Solabi)
, En . Camba), (5. %.)". (as,by)= GXXGY = 1D(G)

MMz = (MixMixM(i))/22didatby incomingcils ancircle
a Quasihamiltonian G space is the bandary datom for a CD

CFT ? Bandaronditions have an algebra structure


