
Matrix factorizations and Topology
let W : XfD be a holomorphic
function

, with a unique criticals
the nearby t

Xo = W" (d) is the singular fiber

classically
,
we have a long exact sequence in homology

Xo

***hiIS

this is categorified by the exact sequence of categories

Perf(x) -> D"(X0) -> P
*
(*/Perf(x) = Sing (Xo)

Welearned last time that Sing (X) = MF(X,W)

Let : A Matrix factorization of W is a pair of

vector bundles Po
,
p

,
& maps Pop,

+

P.P =W.idp
,

P
,
8 =Widp,

or
,
P= Popp, 0 :P p =[p pewoid

Example: W = X+ y- can't factor this over the reals

[*] = [***) = void can factor it with matricies!

f G



Definition MF(X,W) is a category with objects matrix factorizations

& morphisms E2-graded maps Hom
*

(P
,
Q)

Pu P, PP,

Hom':Homo : %1 degreeXdegree
Goa Go Q

the complex carries a differential 2@ = &P + (1) *&
define the motopy category[MF(X

, WT] with objects matrix factorizations,
and morphisms Mor"(P, Q) = H·Hom" (P

, Q)
, 2)

explicitly : Or if
MorOa

Po-P,

& commotes w/P al % = y ,
p + 9 %

D=
f
,g

"Cycles in Homa" Qo Qo %
,
-% = 94 + Pop

"modulo boundary"Wh
=+

i
.e chain homotopies of degree - p

Questions: - why does MF(X
,W). see only the critical locus?

- How do we extract topology H
* (X

, Xs) from MF (X,W)?

Part 1 : Boring Matrix factorization categories
at the outset, MF(x,w) seems to have many objects. at least TOX) worth . but,
by defining morphisms up to homotopy, many objects become isomorphic.
Thiscuts down" MF(xW) to a managable size

.
If W has no critical points,

every object in MF(X,W) is isomorphic to the O object

Lemma: an object Qo Q , is isomorphic to the O object O if
-

the morphisms id & O are identified in [MF(X,W)]
-

Pf: DeMor(@,@ is un isomorphism E) -eMor(o, a) stdd = ide Mor(Q, a)I but any k Mor (0,4) is the O morphism , so * =0.
----xid

I
Hence

, QE0 #f id = 0 as morphisms from Q to Q. O -> 0 - Qo

I Pop , 4
,
f + g % = id a

explicitly :

idedid

yg + f4 = id
7 %o

, 4,
s.t
Pop ,



Thm : Every object of the following categories are isomorphic to

category objects chain homotopy id-o = 24

MF(X,
1) PoP , %of

,
+,:8

MF(X
,
W) WHO Po %= 4 = 0

MF((, 2) D fg = z => WLOG f vanishes to degree

40 = f/2
,

Y=9

MF(
, 2) Po Zid = -g = id = 22

,
f -g + f 82

,9
linear

40 = G2f 4 = 029

suppose I find v a holo
.

rest
.
field st v(W)=

MF(K"
, w)dWo I Pop, I then Widifg = id = vfg + +v(g)

= dw(r)

40 = v (f)4. = v(g)

no critical

I I couldn't find a way to construct V
,
but it's

probably possible on ". ..

Moral of the story :

-defining morphisms up to homotopy lets us "cross our eyes"
and see many more objects as isomorphic

- the MF category is basically trivial w/ critical points



Part 2 : First Interesting MF : W= zi+ · .. + In= Ch

~ a history lesson~
in 1920s

.
Dirac needed a first-order operator D - such that

ThisMonsanfus Dirideawa
replacing Ex

:
1) Xi. & becomes a matrix of linear functions & ,

s+ = (xi+ ... + xn2) id

This was the first matrix factorization. Following Dirac's lead
,

we use

-Clifford algebras~
Definition The complex difford algebra on a rector space Vw/ Quadradic form G

,-

denoted KI(V
,a) is the tensor algebra on Vw/ relations VOU = Q(V, 2) ·

-

up to isomorphism, Clev=Cl is↓ ·

as a rector space, (l(v,d) = 19
I

as an algebra, the product is deformed by Q, breaking I-grading to 22-grading
C=~Cl'(v)=1

**

V E2-graded algebraI
IT k

CICV) is uniquely designed to have many square roots of

for any representation C : (l(v) -> End (M)
,
((D = id

.
if wel in Cl(V,

6)
,
then

C(v)2= id
. These surare roots of the identity gives a matrix factorization

Theevery &2-graded module M
°

of DeV,Q) defines an object in MFCV
,Q)

#: identify MY
,
M' with trivial rector bundles

Mox ( M'xy

↓ ↓
~I Define matrix factorization Modegrees pointwise clifford multiplication

((z) by the base pointzU

↳Mic Ho(M
,
<(2) (((2)m() = c(22)m() = Q(zz)m(z) = CCT= Q · idM a

Remark : in cordinates
,
((2)m = Ez : Clei) m for a basis ei . This is the fourier transform

of the diras operativ $m = [Clem

↑



~ topology from that MF-
the matrix factorization MCM/ gives two trivial vector bundles on X.

But
, along Q" (1)

,
the maps ((v) most be an isomorphism : after alls they

square to the identity. So
, along Q"(1

, we get a (nontrivial) isomorphism

between Mo & M ! We can extract topology from this.

Eventually
,

a class in H°(X, W"(l)

Topological I - Theory OQ(Xsee Lawson-Michelson <pin geometry ,
3109

Mo
Define K

*

(x) of a manifold X

↳by the group with elements

[V] - [W] topological complex
- vector bundles

and relations [Vow] = [V] + [W]

I theory can be extended to a generalized cohomology theory
define"(x) = k(E) n-fold suspension D
relative (T-groups k(x, x) = E(X/ Y)
where X/Y is a pointed space w/point [T],& YCX

F((X,
) = ker r : k(x)+ k(0)

or "K-theory but I don't care about the
raiour"K-theory up

to trivial bundles"

I can extract ordinary chomology from K-theory using the chern character :

ch : k(x) + Ho(x ,2)
is a ring homomorphism

k(x
, Y) + Hi(x, Y, 2)

Given VoGV,
Var vobs on X, 0 : Voly-V, ly an iso

along Y
, I can produce a class in (X/)



differences bundles as K(X,Y) classes

-/
10 Create "Quilt" I from 2 layers# xo
of X, sewed alongY

2
. use data Vo EV,

to

create rector bundle W,

↳ on upperwe
mawhich equals No on kner layer,

W
,
which eacals V, on both j

3. subtract off the V . b

Nlayers 11
Ill -

4. restricted to top layer XI
, [W] - [Wi]

[W] - [W] = [riJEv] =
= Class [W]-[W] Polls back from class To
in k(z, x) = k(X, Y) Il Ncall this &(VoEV1) III

X(v V, )

roughly, X(Vo*V) = [Vo]-[v] on K(x), polled back to KCNY) usingO
to force [Vo]-[vi = 0 along Y



Clifford Algebras and Matrix Factorizations, by Jos´e Bertin

R.O. Buchweitz, D. Eisenbud, J. Herzog, Cohen-Macaulay modules on quadrics. 

D-BRANES IN LANDAU-GINZBURG MODELS AND 
ALGEBRAIC GEOMETRY by kapustin-li

https://arxiv.org/abs/hep-th/0210296

Lets apply this construction to MOM/
x- Q()
- This is the

()in
=... (x

,@()- (BY sit)
Clifford modele matrix factorization K-theory class

Ma - Mo M' - K(B"
,
S= FCSY)
= F(#)

FenceThe above construction is a ring homomorphism M(Cen) -> F(sY)
with Kernel [

*

M(Kent)

i . e F(st) = M(((n)/[ *M(((n
+)

we've seen that each object in MF(V
, a) gives

a k-theory class on the sphere. But we can do better.

Thm : let CLMOD(,a) denote the category of modules of ce(V,a)
The categories MF(V, a) & CLMOD (V, G) are equivalent

original ref :

exposition in this language:

Physical Derivation : section 7
-



complex clifford algebras & modules have a simple structure theory
consider the category of clifford modules (LMOD (n)

East : Gen is saisimple .
That is

, every module M splits into a direct som of

irridaible representations of KOn.

for odd n
,
there are two irreps

- for even n there is a unique irrep
-

·I COC 2ZI I
2

2 Matz(C) 2

4 Maty(e) ②
%

Ihm(difford algebra periodicity) Clniz= Matz (en)

C: CIMOD (n+2) = CLMOD (n) algebraic manifestation of bott periodicity
-

from any object in MF(v
, G)

,
we can build a clifford module.

Let's start by computing the endamorphisms of one object :

Example : X= &
, W =C · fg = 2

in physics language, this

I graph ( sheaf Sot Sing (wild) Object is a "Do brane
of w So = Her DEC centered at the origin"& "periodic resolution"

I
①K 4

,4, T(0x)Moro() ↓, 26= 24 = 60 =4,

Il CK trivial morphisms : 24= 240 +24 = z(Yo + y)

((z]/z = C
↓ is trivial if $= 24

, yerOx)



I Mor' (PEC)
: To

,
4, T(8X) %04,

Il
trivial muhisms : 24= z (40-41)

& (z]/z = C

1 in degree OI All together : Mork) = (10) /
E in degrees ,
fl

↓
on we
extendcomputation to objects in MFC, Zi+. + 2n)

S = ( ()
*
EMF(2i+... + 2n)

under MF(V, a)= Sing(Q"(d), & corresponds to the Skyscraper sheaf at 0.

Ends") = (Endis))* (Cl ,
(
o FDen

Prop : Every object PECMF(Zi+2)] defines a module of clu
*

-

define E2 graded rector space Mo = Mar(S, P) End (s") Mor(SYP)

S->5- PI then Cln= Ends") acts on Mora(s, P) by composition -
Mor(S

,
P)

-

Dirac operator

to summarize : -
CLMOD(v

,Q) MF(v, Q)
-

Mor w/gh

Thm : these two operations are inverse functors
,
& define an

equivalence of categories (see Kapostin-Li)

fr CLMOD (n) =CLMOD(n+) #> MF(v, a) = MF(r@e, Q+x+y2)
Applying atiyah-Bott-Shapira, this implies #(S") = #(ghth)MBott
warning : ABS used Bott periodicity to preve their isomorphism . insteady Periodicity
of proving bott periodicity

,
we are seeing it manifest in MF T



R.O. Buchweitz, D. Eisenbud, J. Herzog, Cohen-Macaulay modules on quadrics

periodicity in MFs holds in more generality than Quadradis
...

B

Thm (Kronner Periodicity) : MF (X,W) = MF (XX,
W+ x= 1)

P , 1 P40(4)
*2

how does this manifest topologically? for PoPEMF(X,
W),

on WY(D f : P. -4, is an isomorphism. applying the construction locally

(in a ball B around an isolated singularity of W),
x(PEP)EK (B,WY(1) = K (B ,Xg) nearby Fiber Xs Fr

compare this to the opject in MF (XX
,

W++2) related by Kronner periodicity

X (P-P)* ((= (
*

2) t k(B
,
(w+x+ yz)

"

(1)) = k(B, From * Y2)

Them-Sebastiani : FwEx = Fun 2 points

so FwE = 32 For * Fr

& S'B" = But join w/2 pts
=

Suspension !

so k(B** Fwxy) = k (52 BYSF) EK(BY, Ful
Bott Periodicity

#m(Brown) Kronner & Bott periodicity are compatible
ABS

MF(X,
w)- k(BY Ful

Bott

=oneit, G ↓ periodicity

MF (xx
,
W+x+ y) * B (B"+ FwEy)

Moral : periodicity of MFCX, W) is categorified Bott periodicity


