
Ellipses in in Ellipses

Imagine playing billiards on an elliptical table

we want to understand

↑ the dynamics of the bouncing ball-
Il

Theorem : Every Elliptical table has a triangular billiard orbit

L
E
Thm (2024) : Conversly, every triangle occours
as an orbit in a unique elliptical table.

-
1

Mathematical idealization :

d) I for a billiards table described by a curve

I banding a convex set
,
assume

·-ball moves along straight lines on interior of table

= ball bances elastically: on hitting a wall
incident angle and reflected angle are equal

We describe the balls location & velocity dieretly, only
recording the point pet of each hit, & the velocity ves'
after the hit.

------Ot DThe map extrapolating one hit to ·
the next is the Blards map B B :ExE]-> [xE*,/]



the location of the hit advances by 22.

->

=E
The space IxI is todated by circles

->-↑->-- d = const
,
each preserved by B

.Forcall these the invariant Eri TC IXII

on each invariant tors
,
Bacts by a fixed rotation

orbit
->

of radius determined

Definition : The billiards map for a table & is called integrable
if EXI is foliated by invariant tori.

Fact : Every invariant torrs has a caustic.



on the integrability of birkhoff billiards, kalhosin and sorrentino

Elliptical Bards: To play elliptical billiards
,
we need to build a table

Construction
P·BE

An ellipse / fo Be is the los of poins a

Now we play billiards , place the cre ball at one focus and the

pocket at the other
,
& the game becomes very easy : Every direction sends

the ball into the pocket !

Ionicconstruction 2 : for any pet, the lines PB, & PB2 from the

&

- same angle with the tangent of the ellipse. T . e,

these two lines are part of a billiards trajectory
O

↑

=> ellipses form e
draw lines to two fixed points , the source &

C
target. measure the total length of the lines,The-didda , as a function of p↓ "whispering galleries"

Fact : suppose the angles withTt have O< 02

, = diddz < di + da Then
, (10) can be reduced by moving p towards &,

But
, for I an ellipse, l(p) is constant (by definition)

so 0 , =02 everywhere on an ellipse
Remark : this is why light reflects when O

,
= 02 : principle of least action.

Here are some representative billiards orbits on an ellipse :

The billiard or bits borning
around the outside look like the circle!



TheoremBananeiptableareInte,
Fact : J is conserved under B -

(not an integral =)

Level sets of J =

invariant tori TJ

--[1-
S~

Never
↓ -intersects line⑧ ~ between foci
> Always

---

· 2 ·* - .
↑

· If the shot passes a focus it will

asymptotically approach the semimajor axis
& ⑧

Thm : There are action-angle coordinates (d
, 7) on EXI, defined by :

-

- 7 < (5) st 3((
,
z)/ZI3 = TJ .

the level sets of 2 are invariant fori

- B(d
,
z) = (d, t +c)

Correllary : every elliptical table eT ,
7

infinitly many triangular billiards orbits
① ·

live a 3-periodic point of B: 2xI8 FI

-
-
--Proof : Take d =2 . every

pointGreyon invariant fori Th is 3-periodic
I
-



https://observablehq.com/@dan-reznik/elliptic-billiard-triangle

Fact : The carstic of any invariant torrs is a comic w/

the same foci as our table

I&
Marta

-

or bit

Proof : Conis contraction
for all P,

①

-

Fii &
-

----
carstic

↑
E equal angles between tangents 'sfoci

redis billardtra)
#X= 4 - 4 are equal↳

I

if the tangents to X are billiard trajectories
,
& satisfies

conic definition 3 for all pet => X is a conic w/ came faci as I

correllary : There is an ellipse t,
w/ same foci as I

,
circumscribed C (

7

by every triangular billiards orbit e E
↓ foci ·

's
,
every triangle circumscribing && FI

inscribed in t
,
is a billiards orbit I

I

this is a special case of something more general...



Fact : Poncelet's porism
C if there exists a triangle circumscribing

e a conic & inscribing a conic t,
↑

then there are infinitly many such

triangles

# conic is uniquely defined by 5 line tangencies

⑨
Poncelet's porism implies :

&

e
D

& IfY' is a conic tangent to the 5 lines,

arranged relative to I as shown, it must

Also be tangent to a 6thline AB

A
-------

①

~

-



https://arxiv.org/abs/2405.08922

Every triangle is the billiards orbit of some ellipse

following
Imaging building a ellipse around a triangle2 designed so that the triangle is a billiards orbit.

- P · I goes through 3 points of the triangle#
L

· Mpot is tangent to the 3 perpendiculars of
"mirror" of P. the angle bisectors of each vertex

(the mirrors of the vertex

This is8 conditions ! But a comic is determined by only 5 ... Rephrased,

gipswisu
C Mc

We will construct the ellipse with ABC as its billiards

build the triangle ab
·
9

The ellipse & is

with edges the mirrors of ABC
2 the inscribed ellipse of abs.

By construction, ABC is a billiards ·ide . meeting abs at points A
, B,

trajectory for the table aba
((l)

9
8

b

To construct ellipses in triangles , we turn to complex anylisis
&

consider a
,
b
,
ce C

,
& construct the polynomial P(2)= (z-a)(2 -b) (2-c)

-Garss-Lucas Theorem :
the roots of P'(z) are contained in the convexhill of the roots P= 1C-ai)

Iroof: the roots of Pare the zeros of JIP()I notingJ kyp=D
,
these conside with the zeros of OllogPl

I lloy PFE 10g12-ail electric potential produced by charges -y placed
Gi (at each root a



sollogPl= (electric field produced by these charges)
if PtK is not in the convexhill of di, then there is a line

separating p from all 9:↑The gradient of each term of loy PS pand outwusas
-

from the separating line
,
so their sum cannot be zero.

L Thus
, ifFlossl = 0

,
p must lie in the convex holl of di.

C

Theorem(Marden's thm, proved by Siebeck
,
1864)

for P(2)= (2-a)(-b). /z-c), the roots of P'(2) -Y

are the foci of an ellipse which is tangent to rooks
6I · of o

abc of the midpoints of the sides. - · P
Y

(The Steiner inellipse)
a Ill & III b

We can upgrade this construction to give different inscribed ellipses !

Thm : (Marden 1945) mc

⑳

Thoseweights Ma , My , M c for each vertex ab

consider +(2) = [Ma
,
log12-ail

·

the critical points of are the
·

foci of an ellipse, inscribed in aba
Ma MyI

lever balances here

· ⑨

the intersections of the ellipse w/ the triangle satisfy
MaxMMay

·Noinscribea
-rathermore, every inscribed ellipse is of this form

⑨

we want an ellipse inscribed in a triangle , intersecting
a points so we need to construct weights Ma

,my,m,

T



Leva's Theorem:suchweightsexist i thelis
se

point
meet at one points

&
①

&
/I &

&

no weights ! I can find"the weights !

"Proof": place weights at the vertices of the triangle I
E

if the weights on each side balance at the orange point, ,
then the constructed lines converge at the center of mass of the triangle

C

if a triangle ABC is a billiards of abc
, thenFact :

AB the lines Aa
,
Bb
,
C meet at a pointa

b

By Ceras theorem
,
we can define weights Ma , Mo,Mc

By Marsden's thm , we can find an ellipse inscribed in aba,
meeting points A

,
B
,
C.

The triangle ABC is a billiards orbit of the ellipse



Hartshorne's ellipse connecting garge theory"
the Poncelet Porism !!

The construction of ellipses using electromagnetism is deeper than it appears

consider SU(2) Yang mills theory on S4 · choose an SU(z) Principle bundle

D, represented by a rank2 complex bundle V; with ((v=

a charge I ASD instation is a unithing connection on Uw/curvature F,

satisfying F=-*F
. These are the minimal energy garge configurations.

we are interested in moduli spaces of instatins

Thm (Hartshorne
,
"stable Vector bundles and instatins", 1978) :

I Pick an ellipsed in the unit ball B
*CIR? in the ellipses plane,

we have an ellipse contained within a circle

Cys in place

EsatisfiesthePaceletcondition ita b
Thm : The modeli space of I=2 instations isI
the modeli space of3 satisfying the poncelot consite

in space

-

Each instation is determined by a potential

Theseareonlydetermined optgugtransomsWealwaysee
P(X)= X : are points in IRY Clooks likis the electric potentials

M , is the "charge" from our proof of gauss-lucas

(See "Geometry & Kinematics of Two Skyrmions" by Atiyah's Manton)
BUT the representation Xi

,
M : are not unique up to garge transform !

Hartshorne conjector says: as Xi3 rotate along their poncelet family
of triangles circumscribing &

,
& M : are the weights defining [

inside of T
,

the potentials are garge equirebut

=> instations are uniquely determined BY Their Ellipse ! Wow!



Pascal's Exyn theorem
Thm (Pascal

,
1639

.
He was 16 years old) : consider a hexagon inscribed

ina conic . extend the opposite sides until they intersect.
Then

, these. 3intersections are colinear .

Do
B

·
FD XI

· X3 X2

D

"Pascal
Line"

! /
=

C &

Ihm: There is a unique conic passing through 5 fixed points

If: Construct possible hexagons satisfying condition in pascal's theorem
2. Extend lines 3

.
choose point X2 on line 231 . Pick in Points, labled A-E AB BC CD DE

14 edges of hexagon)
construct Line EXz

-

⑱ Es Mark ABIDE= X, ledge 5 of hexagon)

A E · ·
E

AB DEB
. CD.

·BBC (CDP ·
⑳ ⑧

· Xz

40 construct Line thre
X , and X2

· XI ·

(Pascal line)
5
.construct Xs = LnEX2 Go construct F = EX21AXs
Construct line AXs ledge 6) F is 6th pt on pascals hexagon

· ·
·
A E

·
A

· E
AB DE L L

·F
· x3

⑧ ⑨ X3
·

· ⑧
·

Xz
⑧

·

·

Xz
Xz

· XI ·

·



Braikenridge–Maclaurin theorem : converse to Pascal's the

&s chosen point X2 varies on its line
,

constructed pt F traces entire Conic.

There are many hexagons we can build out G points

S

I
&·

·to
P& &&

5
I

&
· G

· ·
5 ⑨

· 6 2&
5

69

· ·.oO ①

.

⑳

·

①
84

&

2

= 60 herons Ply 60 pascal lines6PointorderTsim
order

& cyclic permutation

This collection of lines is called the

* Hexagrammum Ky mysticum E


