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Def : P is an umbilic point if K= /2

Quadradic
approximate i I= (+)

tungent sphere is tangent to higheroder

TypesOfumbilisi "Ortie

T
examples of umbilical points :
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triaxial ellipsoid :
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setting :2 is convex #E has positive guessin corrature everywhere

=> zagh

Poincare - Hopt thm= [index = &(E) = 2
P umbilid

Caratheday conjecture : & convex has2 umbilic points
index 2??
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Sympeetic Geometryosurfaces in I

·
space of Oriented lines in IE :

l
a line I I defined by :

·
-

a direction a (w/ llull=1)
- a displacement 2 : the point onA closest↑ to origin (F,)= 1)

UE j2
EE Tus& modeli space of lines i T = TS2

Daf : & "congruence" is a 2 parameter family of lines L: S4TS

for :S-EE3
,

the Normal Conquence is

N : S +i N(P) is normal lime passing thre =(P)

Remark: N is a scoped op garss map.

for :TETS-52 the Usual projection, from(N(0) = n(P)

Question : when is a
line congruence a normal congruence?

for line congruence L
:&C It

, try to constructnormal surface" i: E+#

(i . e
,
((s) = N(2)
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far Path U : [i] E
,

define the "normal lift"

as 0 : [ri]> E Sit

10 J(t) is on line L(rC)

2
. ECH) is normal to L(OC)

it L(s) had a normal surface :: 54 ES
,
then J= zo)

hence
,
if Uta=-(D) but EC E(1)

,
no normal surface exists

"Monodromy obstruction to normal surfaces"

&115(1) - Foll
distance along line ((k)

# has a tartological principle IR-bundle IR4
T

"Normal" condition gives a natural connection!

=> principle IR-connection &E (t) St S = -El

Goal : write I down

cordinates on TT To gives startingasplaces
- givs "slope"

I fix line I w/ Trisdirectioni

T = Ee
+

3 = Tale Tags



as a line moves in direction (50
,
5),

closest pt to the originI(
to see

thenm) = Is (-s(v,57)
as I tilts

,

the point onI closest to O moves

distance ~s< v
,5) along the line

↓ => < (5
,5)/ =(,5) in these coordinates

The manadromy of the lift ot U:s'- It is SoC
↓ is normal congruence Ef Spa=r Fr : s- 3 => [dd : Le =0

=> for contrastible kops U=GD2
, Cyprd= Spada =0 for all Diss Dr

=> corrative := do must be zero along L

=> L
*
M =0

Thm : using the round metric gans?, define dealizing map g :Ts->T
*52

T
*s has canonical symplectic form Cstd

IWampetiform ongish in i
-

I Prost : Cstd = dX for 1 the tartological I-form
for arestor (v

, v) TcapT
*SX(v ,/ap : = P(v)

that is : 10 project wester from T*s into &2
2. pair resulting vector w/ the point on TS2

, thought of as a lform

now observe

indeed
, Gritt=

Polling back bya replaces "pair w/ eotangent cordinate" in step 2!I with "inner product w/ tangent ecordinate"

#- = dd = dg
*

x = g
*
dx = g

*

Cs+d
⑭

↑



Complex structure on T :

Te rotates everything act around e

letJ be the standard complex structure on TS2

*
(5
,5)> (ito

,

ii)

it JTeN(s) = TeN(s) , e is "complex point" of NCS)

thm : NC complex #) P umbilic point

radially symmetric

t
Kahler structure : (6, ) = &(, %)
A is nondegenerate w/ signature (+ + - -)



↑troot of the Caratheodory Centure

suppose [ITT lagrangian has only I complex point

i) find modelispace of J-arres

Boundary value problem:

(i) If =0 EX all pts
of f(p) is J-holomorphic ,· fiD-I - (n) are complex

totally Real part of [
(ii) f(2D) c E ~/bandary lying on the

⑨
-

modali space of solutions Ms

A(On' 98) on Kahler mid
, can perford & to Lagrangin Est

Mac is smarth (theast of Lagrangiums & which are regular,)
meaning cakarj = O

,
is baire

(needs to be adapted to neutral Kahler setting (

tim My = index = = M(p,XD) +2 =m4) + z
= 2

after reparametizations,
imply pts p

dim Ms/Art(D) = indexi - 3 =
=> Ms is empty !

&are no 5-holo discs w/ Boundary &

2. construct a 5-corre

use mean corrative flow : (converses to a minimal surface, 5- arres are

minimal)
Riser convergence properties in indefinite Kahler case than normal.

There are J-ares Q: A : method :

- hyperbrisPDE Elliptic PDE parabolic PLE
~/ Bary E

/

* Gars-codazieas) (If =c) Coun curvature ful


