
Fourier transforms of
il · F Sa

,

forrier transform of indicator fn.
i(x, 3)

Question : for PCIR" a convex polytope , whatis [p( = Spec dx
Let's look at some ID examples. each image shows a polygon & it's F. T.

a square centered at O a triangle

some empherical observations about [p :
-concentrates along line through O
I will call these "Beams"

-one beam per edge , Perpendicular to the edge

beam thickness & Yedge length
- beam brightness & edge length

Let's compute a 1-dimensional example

↑
(a,b)

-
-

a b



↑) = Seidx=eit
eg : Fun*
some key properties of this formula :

# ICa] (3) is a sum of contributions from the endpoints a b
-

& O is a marable singularity of cab] · indeed

M F(as(3)=-iii) = b-a = rolls a

& (b)(3) decays as 13 as 3- X

We will show how these properties extend to Ip for convex polytopes P



Part 1 : Beams
P

Morally: for 1511, Ep. (5) is large when I is

perpidicular to a facet of P
.
etface 00

Thm: 1 (13) = G0(X) 3 + to a face of P

P O(1) otherwise

This generalizes property & of1can(3) : in dimension [2, [p(3) only has

& decay in certian directions. Otherwise
,
it decays faster.

ProofCheuristic) :

[p(x,3) = Speix,3)dx min <x,3)
X + p

fubini thm Sg()ei* + a +
b=max <X,3

Cassume (3) = 1) = #integration u = g dv = e
**e + area of slices 1 to 3

by parts da = gd+ v =Ye
+

g(t) :

~ -
g(a) = g(b) =0 = (agex+ =0(x)g(a)og(b)0 =) Sageit=ON)

Ep(x3) =0(x) E) g(a) or g(b) #O &

=> 3 is I to a face of P
m ↓

for 3 is perpendicular to a face F of P
,
then

1*p(x3)) =10)=+O amplitude obam



Part 2 : Brion's formula
The two ways to describe a convex set/ convex polytopes/ vector space

- as the convex hull of a set of points ~ verticies V
- as an intersection of half spaces - codim

.

I faces V
=

These two perspectives give the fundamental duality of convex geometry
The indicator function Ap : V-R is best described using half-spaces
↳ suppose P= Inatspace Then, Ap =H: ill
It's forrier transform Ip : V *-IR is best described using vertices.

N
Thm (Brion 1988) : Suppose a convex polytope PCIR is simple, ·
meaning each vertex V has n incident edges Su, ...,t
construct matrix Mr = Ch ...w] . Then the forrier transform Ip satisfies

& p(3) =- EdValidforwherethe denominatoris nora
The Brion formula is agnostic to the choice of edge rectors ii.
- Indeed

, if W:
H XWi

,

then both det(Mr) & Mwiv) scale by X
.

Example : square in IR
-

V =(-(1) = (1 , 1) let 3 = (3x
, 3y). Here are contributions from each vertex

4O ⑭ i3x + i3y
(6,-1) am

(1 ,0) (-1,0)
*(0,-1)

- i3y- i3y - i3x- iby↑
(0.1) *(0,1)
viii V:(3,

&W
,

⑭
(-10) i3x - i3y2

Vz : -. - =by :

#(3)=n
min



key properties of Brion's formula :

⑦ I,(3) is a sum of contributions from vertisies

of P
.

The contribution of v :
- only depends on the ubhd of
- has YI essential discontinuit when 3 Finis+edges incident to v

I

⑬ BB)=Ele has removable discontunitiesa

B(z) is som of rational fr times exponentials-
O

P -

( Bp) only has essential or removable discontinuities.

But, Bp(5)= 1p(s) outside union of hyperplanes, and
1p(3) is bounded

, so Bp() is bounded. Thus
,
all discontinuities are removable.

Remarks :
· using B ,

we can use limits of Brion's formula to compute Ip(5) beyond the

domain of definition of Brion's formula. For example,

vol()=*p(0)=im Bp(5) w limit along a path avoiding hyperplanesa
to the edges of P.

· Though each vertex contribution is singular (proporty @)
,

their sum is

nonsingular (property B) . Brion's formula suggests cancelation of terms like.

· Despite its simple form
,
Brion's formula wasn't discovered until the late 80's.

It arose from the dictionary between convex polytopes and Foris varieties
.

convex geometry- Toric geometry
-

PCIR" convex Xp In-dimensional mfld w/ tors action ISGXP
vertex of P fixed points of action

[p(3) topology of torrs action

Brion formula / Localization formula : Topology of torrs action
entirely determined by fixed points

Despite its high-falrtent origin, the Brion formula has an elementry proof

Step 1 : Write Ap as a som of indicator fructions of comes

Step 2 : compute the furrier transform of a cone



Def : the Tangent one of a face FCP is defined as

standing at a point on
F
,
what directions can I

CTF = 39 + X(P=9) 19EF
,
PEP
,
XERROS

walk while still being Kvz ① Fusinside P ? III
.
E

Ef
P: V

& Ke
, = Kez

heify-
"
,,, -

IIIIIIIIII&
-

↑

I

now we express Ip in terms of the tangent comes of P

Thm (Briachon-Gram identity) : leta be a convex polytope, FLP the faces

Ap = ()dimFlF
·

nig,) /(11 :II/I11*111,,, )
t
-

+1 "My... + 111111)
+ - - O

a
+ - - t

t +
I

-
+ =
-- 0

= Ap
+ - +
I
-

+-
O g

g

↑



briachon-gram identifies are equivalent to evler's formula

a Polyhedral emplex O is something that looks like eeac
2-face

a
&dimEI

ecler characteristic
FeP#Ever PoincareitDistractible the-dimal faces is 1.

of a point

~ ~ "contractible" means "san be continously-

·
.
·* deformed to a point

"

- every convex polytope is contractible.

Proof (Brianchon-Gram) : want to show 1pld1
case 1 : XeP. Then 1 p(x) = 1. -

IxeP = XEKF for every face F . So
,& H=F as desireda

F(P

case 2 : XEP. Then Ap(x) =0 ·

X

E contains all faces of P which can be seen from X.& let to be the collection of faces F& P c+ x KE

·G is topologically a diss on the surface 2P
.

In particular, E is contractible.

dim FI [f) 1 f(x) = S(mF-EH-1 = 0
,
as desiredoFCP - FEP

-

1 if F & E -

O otherwise

Using Brianchon-Gram
, *p(5)=[dimF(5) The Ft of tangent comes are :

Thm : 1 : if dim F11, then Ine (3) =0. So, &p()=Ere(3)
I
-

2. for v a simple vertex
, I (3)=Mei

#gether, these yeild Brion's formula.

Remark : comes Ke are unbounded
,

so EkF is not L we must somehow

regularize their forrier transform. For example, If : = I FEAKFe"S
gaussian cutoff

In the derivation below
,

we use the equivalent but heuristic regularizationeto =0.



#rotof Brionforma then Ke contains a linel
.
Calina tagentt

=> KF = 1 x K
,
Cartesian product of 1 and lower dimensional cone

choose orthonormal coordinates (X, .., Xn) so t l = EXz =... = xn=03

then 1kf(x- (n) = 1y(x , ) (p(x, xn) = 1(x..., Xn)
/

s =1) = Seitri Sik) (Sedx
but Sireixdx = - eixs = 0 in our regularization schemen

Thus,
n
(3) = 0 .

-

Part 2 : change variables to put Kr into a standard form.
- possible since

Ev v is simple standard one
· Mr~trankte

Wi
,
:

,Wn

->

Wij ..;We

- ·
1(x) 1+( = +x(x-y * ko(x) = 1y(Mrx)

An
,

(x)= 1n(x+) => [x(k) = ei(,3)[n(5)
↑ x(x) = 1y(Mix) = [p(3)=y * k (Mr 3)

= (Mrl In (Mis)

Therefore, /3) = Mule: In (Mrz)

#



Part 3 : Lattice point enumeration
The number of lattice points inside a region approximates its volume.

formula : Let PCIR" be a lattice polygon , meaning each vertex

Hi. Then
, vol(p) = /intP12"+- 1 "Bondary point is

count half "

example :
·

olinteriorPavel⑧

8

Fourier transforms let us count lattice points. Let 2/ =/Entc()
"lattice point enumerator"

A really good idea : in terms of distributions, Prission summation
-

poission sommation formula ! says Es=Xa-

n1 , (x) = zezn + c(3) F.T takes a lattice to

its dual lattice.

2(s) approximates

# (0) = vd(c
.
so
,
<(c = vol(d+ [ [(3) volld with

324503 ( this error
-&

Vander-corput : If CCIR is a circle
· (2/r() -V(rc)) = Ocry gauss circle

problem

Like all good ideas . This doesn't quite work. Poission summation only

applies to schwartz functions
,
and I

c is not smooth enough.

Mollify 1 , with a radial bomp function = Yg(x)= 944(*)
1= Ac * Ye is a schwartz for SYz = 1

11"

Apply poission summation to 1
,
then

take limit as E-0. ↳

&:=E, (x) =m
regularized Dcharacteristic fr <0 xP /25

example: if P is a 2D Polygon, Ep(x) = E I Xe in+ P
Y X is boundary pt, but not vertex

The Prete valume is Vole(p)=Enp(x) 8/25 X is vertex



for a lattice polygon; the discrete volume is the LHS of pists formula:

ITo [p(x) = ## interior pts) +# bdry pts) - #vertices) + z 20;
-

avoid double countingOz

I
- 119) the interior algle formula says [0= (n-2) t w/n= #vertises

- so 2p(x) = ## interior pts) +& # b dry pts) - 1
.

Pick's formula
,
v. 2 : for Plattice polygon, Vol(P) = Vole(P)

The discrete volume is accessible through poisson summation

Voly(p)=Sp()==)=p(3)

=> volz(p) = vol(p) + [[p(z)3722
38

lemma : for Plattice, JE not 1 to any facets of P. Then Ip(s) =0

I &

TheBiren's formula : write edges e
,..er ·,

vertex VI has tangent come w/edges E-Ci
, Ci+

det [e ,Cim] = (r(ei,in) for C= dxidy standard area 2-form

· v
,
322 = (v, 37 EE. so,

simplifying! No↑p(s) = En
,
3)

e2ii (v,3) = 1 * phase information !
· sinceen ordered

, for Pconex W(isfin)= /aleex)

= O

-
Thissm
let f) = w(eisein) <ei+3) + W(fi +, (it) (ei,3) + weirz, (i)<fin, 3) .

WiS : fils)=0

To see this
, identify ei = (eit

,e, 0) .
Then
, fixes = 10,0

, Weisei))
(e:x (i) xex =

w(ii)(e,d
Defining 5 = [Fr), Ce

,
e
,do55 = <ei

,
5). Thus, 900 rotation

W (2+,Ci+) <eit, 3) = ((eixeit) xCit ,J3) O

fi(z) = ((ixei + 1) x(i+2
,
53) + cyclic = (fixetizCylis , [3] =0&

by Jacobi identity.I



This shows there is no contribution to Vole(p)-vol(p) from lattice pts

where the Brion formula applies. Unfortunatly we do get contributions

When 5 is I to an edge of P. I think they cansel :

If 30
,
JER", &31 to an edge of P

,

then Ep(3) = - [p(-3)
(This seems to hold, locking & my graph). Then

,
the som over integral

↓ points would vanish
, so, Ep(3) =G

3t22-Go3

=> vol(p)= vole(p) (picks formula

to extract this from Brion's formula
,

we need to take a limit.

This is tricky to do explicitly, & makes Brian's formula somewhat

templemental


