
Following Biran 2001, "Lagrangian barriers and symplectic embeddings"

#teBiran Decomposition

The M . O. of symplectic geometry is to pretend to be complexgeometry
today

,
we will use this philosophy to understand symplectic embeddings into Kahler manifolds.

Question : can we obstrect symplectic embeddings of balls?

2n

Br j

⑦pus)wD
Volume bound : if vol(Ma) < vol(B)

,
there are no symplestic balls of radius v in M

some times the volume bound is sharp :

Example : (CPYWES) WES is fobini studi form,
normalized sof Scis, whereicea

-

I Then (CI"(CPY"CFs) =(in+(B) , Csed) Lit↳(20 -;2n]) zn+03

#thatis,
a symplectic ball of radius ( Fully Fills (CPYWF)

-> embedding which saturates volume bound

sometimes volume is not sharp :

#am BwithProdusimplesticfortion
. Yet, embeddings are obstructed!

Thm /Groma non-squeezing) :
2n

BBr

compactify 2(R) along Disc :

I(R)42TR =SX* 04so
2. find 5-hold come [in class [Sr]XP+CHITR)) thre center of I(B.) CoW theory)
E has area i R

Expoll back [to hamorphic come in B& Minimal surface they t avea[

we can sometimes obstruct symplestic balls by cutting out lagrangian submanifolds
these are called Lagrangian barriers

-

lagrangian submanifold
Thm (Biran) : considerCP"[2 ....

2n312:R3~
-

!=> symplectic embedding B- CPLP iff rYE= symplectic balls Br /Cr11 must intersect IRPh
-



This arises from a very good symplectic understanding of Kahler manifolds :

Thm : (Biran Decomposition

Let (Mic) be a compact Kahler manifold
,
with [WJEHM,Q The↓ quigp a complex hypersurface w/ (2] poincare dual to(a)

- an isotropic CW complex &CM

symplectomorphism M1= DIunit disc bondle of normal bundle NS

~meanLetshetz's dream
Biran's decomposition is inspired by the philosophy of complex geometry,

in particular letshetz's

program for studying the topology of projective manifolds. To give us ground to build on,
we describe lefshetz's classical paradigm :

We are interested inProjective manifolds
,

complex submanifolds of projective space

Cp" has many structures
,
which M inherits

Ciph i :MKph

orun/h
Kahler structure CUFS W = 2 *

WFS

line bundle OCD
, ClOCECWES] L = 2

*

&(1) ,
c(L) = Cary

hermitian metric curvatureWFS h
,
w/ curvature En=

on line bundle

There are several equivalent perspectives on projective manifolds :

- M projective E) M algebraic variety Chow's theorem
- M projective > M has ample line bundle (curvature is positive definite (b) form)

Kodiara embedding theorem

This motivates our geometric setup :

"Prequantum
(M

, c) Kahler w/line bundle (h) sit h has corrature W line bundle "

M



Bott 1959, "On a theorem of Lefschetz" 

Goal : understand the topology of M via sections of L

let SEHMsL) be a hold. section "Quantum state"

consider zero set [ = S'(0) (choose s s
.
+[ is smooth)

-#hmetshetz hyperpthee
s M

-2nI Ho(s) -> Ho(M)-· an isomorphism for 1-2 -

2n-2

↓surjective for 1=h+ t

E
I =-

-
-> -Thm : Chard Letshetz theorem surjective

- --

# (M,2) = Han-n(M, 2) - Ig-

O

nearily all the topology of M is contained in 2 !

Lefshetz's program : study Musing &, and induct on dimension !

Biran's decomposition is a symplectic enhancement of letshetz hyperplane the

Proof/letshetz hyperplane theorem) W/ morse theory !

↑

for seHOML), define P= log 1Islih
Fact: 20 = Fr = wTop-daddiPropall critical pts of have index =n

=> Hess P is negative on n-dimensional subspace span <82 :
)↓=> Hess Ply has at least n negative evals & all crit pts X

use morse theory of 0 to build M :

p(- x) = 5(a)= E

Embrist from bathingdelwhe thmo



note: dim W = In- indexp
,

but wo is isotropic, so dim( In
this gives an altrenate proof that indexsp) =n

Next we turn to the symplectic geometry of the zero set E :

· ICM is symplectic submanifold (as [CM complex)

Isymplectic neighborhood theorem : let Ne be the normal bundle of 54 M.

IhasstandardsymplecticformNottiosymplectAnot

#
M

we have a good symplectic model for a tobular nbhd of E in M.

we can only make this neighborhood radius 1 in NS . more specifically,

let D's be the unit disc bundle in Ns w/ radius /

Theorem: D' is symplectomorphic to M1

intrition :
-I I
start ~ small Dissband'sA⑳& it's symplectomorphic image in M ↓ flowb yfield

M

then flow w/ YP ! D'E ↓ flow by 79
expand D until it fillsM

Since - P lierville,↳w#
Ng? Llg by adjunction formula

2 has words (x, f) f+ 2x

Iwant to equate IfIn on D'sw/P on M*Ifln is a Plurisubharmonic function on 21

so
, equate contact manifolds

HIn" (s) = P
+

(c)
-

-



Examples :

W=CIPY
WEST

I in projective coordinates [20;2n]
,

hermitian metric is h([20:2n))=iR
HoCaP

,
@C) consists of linear functions

choose S = ZoEHUCYOD) : ISRR =0

[ = 5'(0) = 52 =03 lical point

critical points of s are only [1 : 0 :...:0 => 0 = 1:0: :0)-Biran Decomposition : KIP DiplO(D) Wp+

1,w) = (IP3
, 2WFS)

L= 8 (2) h = S1ZiR hermitian metric doesn't change w/ tensor powers of L

Ho(CIP20(2)) are homogenous quadradic functions

choose S = 2+2+ 222 :

EECIP'CKIP2 is the quadric

critS = IRIP2 (in a morse bott way
,

so X= IRIP?

#WES= D
,pi(0 (2)) WIRIP-

-

-



Opshtein 2006, "Maximal symplectic packings of P2"

P: Symplectic embedings
we have decomposition M = Di(Ns) WW
if there are no symplectic embeddings Br D'(N) ,

then

every symplectic ball BTCM must intersect : W is a barrier

Ihm: I symplectic ball iBr D'(Ns)Y=

I
Proof: we wish to obstract symplectic balls of radius >1 rigidity
follow the argument of Gromov non-squeezing :

I . compactifyDIN from dis bundle to IP-bundleN the first

having
5 (Na)

⑪D S
↳
F-

2. find a 5-holomorphic curve through center of ball I (0),
in homology class of the fiber

S2(Ns)

⑭
To do this

, we compute that the gromou-Witten invariant counting these

curves is 1
. To verify GW Theory works here takes some work technical assumptions

on M . To get the count 1
,

we count holo
. curves in the original Kahler structureI 3 . Pull back 5-curve to B

,
& bound 2D area of B, using

area of 5-curve

hisPartisidenticaltothenonsareezing ThereSDN)
we will realize lefschetz's dream in a symplectic world ,

& construct BP inductivly

Lemma : it EacK" is a symplectic ellipsoid of radii a... an ,
then the disc bundle Dr CEx4)

#symplectomorphic to Eart

warning : the symplectic disc bundle does not carry the product symplestic structure

I symplectic form is (1-rp2) *
Custo + redondo



Opshtein 2006, "Maximal symplectic packings of P2"

Buse, Hind 2013: "Ellipsoid embeddings and symplectic packing stability"

-

↑
this is noted, for example, in lemma 2 . ) of

in particular, if B*) & is a symplectic ball

then(B)
,...

*

M B2 (B,

2(n +)

So, symplectic ball D9 = symplecti ball BM IEWhen n = 0
,
have symplectic embedding B= 50 +3M= Ep+

induct on dimension !I=evermanifoldcontains &

-

Remarks :

Torollary: every rational Kahler manifold is fully filled by an ellipsoid
This idea was used to prove packing stability for all rational symplectic manifolds:

1
. use donaldson submfld to construct [
2. full packings of ME) full packing of f (induct on dimension)
3

.
reduce to 4D problem, & use ECH capacities



Biran 1999, "A stability property of symplectic packing"

Part I : extentions' applications
extention to non-Kahler Manifolds
-

we can get a biran type decomposition for arbitrary rational manifolds.

First we need a canidate for E : this is provided by donaldson's approach to
symplectic submanifolds. instead of setting [ =5) for sholomorphic, we attempt to
find a section st IJS =0 for some almost complex structure 5

. Glas
, EJS =0 generallyI has no solutions .

I
We suffice us a family of Almost Andomorphic sections SET (LH)

,
satisfying :

- Isle
- 18js/ < 165s) on 5(d)
for I sufficiently large, I = sil) is symplectic, w) [2] = #TPD(2n])
Donaldson proved[ always exist. Biran proved they have an analagos Biran
decomposition for a 4-manifold.

Using this , Biran proved packing stability for rational 4-manifolds: full filling by disstint

I
·

EstUn
>N, I full filling by if equal radiusballs

-


