
Asymtotic holomorphic geometry
a partia of symplectic flexability

Theorem (Donaldson '96) : Every closed symplectic manifold (M,
w) has a

Bluedsymplectic submanifold i :V4M live*
W is symplectic on V.

This result is best understood in contrast with M = DR2
, Word)

Pop:there are no closed symplectic submanifolds of CR2, Cstd)
Proof : Let i :V41R be a closed manifold of dimension 2m

. compute the symplectic
volume :

I
Sim = XLWM=

Omas LVECTO
So

, :
"

ch mustequal O at some point of V. #Ihomologically trivial)
Here

,
i'w is degenerate· Hence, "W cannot be symplectic

This proof shows that symplectic submanifolds are topologically nontrivial objects.

Donaldson's construction of symplectic submanifolds was groundbreaking
because it introduced a new technique for constructing topological structures

which behave nicely wrt. the symplectic structure. Moreover
,
it is

"Elementary" : No use of 5-curve theory or seiberg-witten theory.

Like all good symplectic things, Donaldson borrowed a construction from complex geometry.

Theorem:EveryKahler manifold (X,*) W/(WJEH(M,2) has a holomorphic submanifold
S hold

.
Section L

T↳roof: considerahoomorphinebuds

I
If I can chooses sit O is a regular values then sld isalomorphic
holo Eubmanifold. X

Thi (Bertini) ; a generic section SEHX,L) has 5'd smooth
,
if dim Ho(X,H =2

so
,

we seek a line bundle with 22 independent holo sections. Here's a construction :

1 .
Choose Lw/ Cill) = [c]

: "Prequantum line bundle" exists 3 . ) (aTEHIM,2)
(M,w) is "integral"I Lcarries a connection with curvature = Lis "positive/ample"



↑ 2. Consider L* for KEO

·
Riemann-Roch thm: X((Y) = EC

:

H(X,[)=.
= vol(X) + O(knt)

for large powers of the line bundle, ever characteristic is large.I Kodaira vanishing thm: for L positive, KDO, H(X
,() =0 for is0

"all cohomology concentrates in degree 0
"

=> Ho(X,(= vd(X) + 0(k) for IDO

I "Large powers of prequantum line bondle have many
sections"

All together, for some I
, 7 SCHOX,L such that slo) is a smooth

holomorphic submanifold.Ldims' (d) = 2n-2
, [s"(d] = PdC,((h) = Pd[Ka]

Im(Donaldson), more specifically : if (MW) is integral symplestic manifold,
7 codimension 2 symplectic submanifold VIN-CM2

,

st [vin] = Pd[Ha]Lfor KEI
,
Ko .

we call V a symplectic divisor/
symplectic hyperplane section

Correlary : Every symplectic manifold has a sympezsubmanifold

(if [W]e HYM, a), then 53 st Law]EH(ME). by above
, I symplectic sobmanfold

vint sot [in] = [HqW]
Rational symplectic forms are dense among all symplectic forms

,
and the condition that

↓issympletionspacofformsTo findaformina



Donaldson's construction

Recall the herarchy of subspaces i :W> (w)
det g= (2

*c)m = 0
riemannian volume symplectic volume

J-holomorphic C Symplectic -09 Lagrangian

det Glitza/m ! om
,so (2*G)m=0

*w =

0 holomorphic
#

JWCW

=> angle cos=(w) measures distancefrom holomorphy
W holmorphic > O (w) = 0

W symplectic # O(w) cY2 open condition

so a perturbation of a holomorphic subspace is a symplectic subspace

theme of the day : Quantitative measures of topological properties
O (w) is a Quantative measure of W being symplectic

Iif 55sK 1851 , then st(0) is a symplectic submanifold

-analyze s"10) infinitesimally : TS) = Herds CTM

if Ejs =0
S

kerds = Kerdys is holomorphic

calculation ? O(Kerds) [LEs Es small - Ker as nearly holomorphicI I

Es = 21s + EJS
fast of linear algebra: if G : REC-D is an R-linear map

,=ablinear

#< a+ =>er a <(IR2a) symplectic

Donaldson constructs symplectic submanifolds by finding "sympleticallyAndsections"

Theorem: for KO ,
there are sections Sof L"w/

#losa) on Zero set of Sk

r : SF( is symplectic, w/ [Silo] =PDCHa] (infactthedo



Steps :
1 .
construct local sections OpET(L) supported near Ps .+

15%1
2

. local transversality : for functions w/ lif) = X on a ball,
there is a level set which has lifk (f)

3 . local to global : patch together Op: into EwiOp :

-suchthatIs Cuniformin
So

consider (M,a)= (C,
Edzindz = (o)

I"has prequantum line bundle L = exe"

it ,
& holo: sections of Lare hold. fas.

need to define hermitian metric <
,
) on 1 with curvature a

in the natural trivialization of L
,

hermitian metic (SS) = hS
, 52 h: I

fact : curvature of chern connection associated to his-25 logh

choose h = e
- 125/

E5kgh = 02/2F = Wo

likewise, h = -KIP/2 is prequantum metric on L

so the holomorphic section S(X) = 1 has ISCF= h =eKzP/2

u/ standard deviation Yik>
gasor gaussian section !!

Moral : passing from L1L
*

scales up With
local sections are scaled down by *If X/T

Now let (MjW,
5) be any symplectic manifold

. (prequantum bundle

Choose Darbox Chart at point p :



Xp B2-V where Xp
*

W = /Wo scales up symplectic form

0 =7 P1 XpJlo = Jo agreesw/complex strata

/Or ID"X01 uniform bond on all derivatives.

⑫
B maps to small ball => derivatives are small.

D then IX*5-Tol)
=> S(x)= 1 satisfies /Exp*3)E

define Op as Sox on X(B) ,
with smooth cutoff outside X (B)

Then Op moraltransport abasiansecton,
the resulting section is more and more

peaked, and closer & closer to being holomorphic

Step 2 : Quantatitive transversality
At : f : - & is Riverse to wonU if If(z)- wIH

If(2)-wIn => Idflin #Ofia8
Remark : Ordinary transversality is 0-transversality

1 f '(z)) = 2

if M
,
>H2

,
then R , transverse => R2 transverse U measures "how transverse f is

"

Thm: (Quantative sards thm for almost holo fas) : (thm 20 of Donaldson)
- fixed

#BRforanySeeger
depending on

transverse to h

dimens it n

we can always find w near O

which is transverse to f
.
But

, the
graphof(r))

closer we want w to O
, the Worse

transversality we can get
p

=
0

05/20



goal : construct sections Saw/lsn* with Sa E-transverse to

zero
,
with E indepent of K. then

, SEC) is symplectic for12)

Step 3 : local-to-global

To Do



Open Book Decompositions
↳Jef: an open book decomposition on a manifold M" is (B**, 6) s

.+

Reeb flow
- a binding B*cM" of codimension 2

-

I
- a fibration O : MLB-S'

,
with*fiber F= E

+(1)
,
2 F = B

E
a contact forma is carried by (B,) if M-> s
- B is a contact submanifold (i r e Bakera)

Idissymplectic on F = Reeb flow transverse to F

-the orientations on 2F & B agree

Ihm:/Groux) Every contact structure is carried by an open book.

Like always ,
we turn to the Kahler case

Example (M2= (C)

consider f(z):
f : -Ip

!

-10 + B = 11 (poles zeros)

O = :C- B + S



Examp: Milnor fibrations
holomorphiew/ isolated singularity@ O

restrictf to g2(d) C4
a small

, only containing

set B = f(0) .CS ,-ndriticalpoint
a

I (B,e) is open book decomp ofso
e.g f(z,w) = zw +1013=On
ef(n) =2+w files = of
Thm : for f :-C holomorphic w/O isolated

,

the open book decomposition (f),Fe)
-

ons carries the standard contact structure
-I let X = z(x , b y, - Y ,dx) +& (Xzdy- Y2dx2) be the Liorville form on (2 = (2,22)

X 15 defines a contact form . Define Fecp,
If) = const

* Gaussian decay of X
-!#Ho my from10)

,

with

widthC

:Claim for C>0
, Rx

,

is everywhere transverse to the pages, so dX
, symplectic on pages

intrition : if x= <V,), Rx is parralel to TXV => Rx
,

parralel to xeciv)
~ -- g ifV always points in same

direction along fold),V #REXVc rotates arouna
forc large enough

to check this : denote do= * (d) from s! the Reeb field Rx
,
isI positivly transverse iff do (Rx) · 0 #dondi, >O

2

deed(e-cfrx) = ecfl (dOedX-CdEndIfTnX if dOndHfPnXO
,
then

- i

IdEndaM 20 for C large enough, dondle >8



↑

f : M => :

T

!#dEndIfE-2f *

g Wrdddfd
but f is holymorphic : Along contact structure &

,
there is

almost complex structure J, is Jodfly = dfoil
,

so f
*

we provides orientation on 3 agreeing w/ that of J
X provides a positive Co-orientation of > agreeme that

of=> Xn f
*

We gives orientation of M !

=> dEndIfinxO
-

Vow we translate this example to
an arbitrary contact manifold

, following Donaldson's templatee.
for a contact manifold (M2**, 3) w/ contact form X

,
choose an almost complex

structure Jon 3
.
A function f: M-D is "holomorphic" if it is hold

. On 3
Ihm : if fi(M

,x) -> D is holomorphic, then

is a contact manifold

↓Bes Defines an open book decomposition (B
,
d) of M

- for (20, Xc= ecfry satisfies dxc symplectic on(c) .
i .

e
, (B,&) carries 3

For a nonintegrable J
, there are no holo. functions f. But , we can get

asymptotically close
. This w

Let L= Mx

Ifbe atrivialbundlewcorvature dx
this has a connectininas

as decomposes into 3 parts:i



Ys = Js(a" + ys(z" + as(R)X
0355 + Ess + Its

Imm: its a smooth section of Lw/3
,
+SK(83

,
55) along B =50,

then B is a contact submanifold. Furthermore, O : S/s1 : M-B -> S' defines
an open book decomposition.I(Giroux) : (B

,
E) carries 3

we will achieve this by constructing sections of L**, KO JKs = dstikas

the following is proved using techniques unalagers to donaldson :

imme
, pres Fther

expts sections SetA

- Idask n along s"(0) (zero setcut out transversly)

Cr: Every Contact manifold (M
,3) is carried by the

open book (SF) for KD



https://arxiv.org/abs/1803.05929

Other applications of asymptotic holomorphic Methods

Anything you can build with holomorphic sections in Kahler geometry,

you can approx.
build using asymtatically holomorphic sections on an integral symplectic manifold

fix (Xw) Kahler
,
(M2a) symplestic, prequantum line bundles

Weinstein complements 5'(0)

Thm(Kahler geometry) : for generic seHM,2)
,
(X-U

,
c) is Weinstein

Thm(symplectic), Giroux 18 : for KDO,
there exists a symplectic divisor VCM w/

[V] = PD(a] & (M-V
,
w) weinstein

more precisly
,
there is a weinstein domain (F

,
dx) w/OF the unit normal bundle of V

& map i : FfX
- : int F - X-V is a symplestomorphism ⑪

OF ↓ iF
- I : JF - V collapses the fibers of the normal bundle

ProofSketchablercase) : need a rector field von X-V
-0 "

-

I
- LvW = C Chiaville)

soffices to find V= TO lioville
- morse functionO st v(p) <

choose a hermitian metric 4) on Lw/curvaturea

fact : for any holo sections
,
let p(x) = log ISP,

defined on X-5=X-V. then 250 = c

25 p = dd'p
,

where d'p(v) : = dp(52)

pisalville vector dw(5X,v) = dw(Xp
,
5)

↓ =d(dp(5v) = dd = w

-

moral : norm of section gives a morse function whose gradient is a lisville v.f
on a symplectic (M,

W
, 5), we can fenagle an asymptotic holomorphic section

with these same properties.



https://www.desmos.com/calculator/j3pudxktcf

Letshetz pencils
Morse theory sees topology through a function f : X-IR

When X is holomorphic ,
we can do "complex morse theory's via f : x+ CIP'holomorphic

choose two holomorphic sections So, SCH
"(X

, 4), & take f = So/so

f exists outside ofSo"(d) Sold

the fibers f"(x) are solutions to So/so==> So-XS=
OR : IP family of holo sections Sx = So-XSo

,

w/ Fibers f) = Sx" (0)
The family of divisors S

,
"() are called a Letshetz Pencil

Exampl: X = (12
,
L= 0 (3)

,
Ho(1P, 2) = homogenous cubics on $3

choose obics P
,
Q

.
Their zero cets Pos

,
G intersect at 9 pts

every cubis curve P-XQ =0 passes through 9 , , ..,a
Ea, ..., 993

Pdesfos to Sild for exactly I x

Q(x, y) =0 Sild) ·

9
,

2P(x,y)=0
.
9

, ·
z

·

as IP B8

as
94 ·

As⑨

a I
&

⑤
Ag da

G

1= a : /(545
IPf



https://link.springer.com/article/10.1007/s002220050019

&

Definition : A topological Leshetz Fibration on a symplectic manifold (M,
w) is :

- A set of points Ebi3CMLA "critical, ,

- A codimension 4 set ACM

&- A map f : MA-52 which is

- a submersion outside of Eb
?3

< f(bi) # f(b;) for its In !
- Local complex coordinates (2, ..., 2n) near aA

- A = 22 =22=03
- f (2x22

, ..., 2n) =
2 , /22 ECIP e

- local complex coordinates near b, where
↳ f(2,2n) = f(b:) + 2 it ... + In

2

Morse-type critical point

Im(LetshetzEvery Kahler (X,w) hasarological letshetz fibration

I pick
So

,
Sot Ho(X

,
(4). f(x) = [So(X)

, So(x)] note [fID] = PDC)L)
Define A= SoldnSlo), fix(A +P

/
=PD[ka]

#forKO
,

can choose so
,
so generically enough to ensure f is nondegenerate.

Thm (Donaldson 196) : Every integral symplectic mfld (M, c) has a topological
-

LetzfibrationwhSymple sPDAsI the above construction. we need enough freedom that SiCa) is not out

Suffeciently transversly to be a symplectic submanifold. this has to work

forLeeryx-a very souped up sard's thm.

What if we used 3 sections
,

instead of 2 ?

Thm (Auroux'00) : every symplectic 4 manifold is topologically a branched

-Icoverof pbranched overa sympletidirisree sections So
,
Side

,

&

defining f(x) = [So(D): S
,
(x) : Sz(x)]



https://arxiv.org/abs/math/9812041

Projective embeddings
mimic the construction for lefshetz pencils with many sections of Lt·
Kahler setting :

Choose basis S .. ..., 3d of Ho(X, (*) ,
d= dimHo(X

,
(H)

pr
Define E : X+ 1P(Ho(X,(*) I is holymorphic

X1 [S, (x) :...: ((x)] *
Thm(Kodaira embedding) : for KD0

, X4 PCHOX,Lt) is an embedding

Thm(Borthwick
,
cribe98):

↳ ↓ fubini-Studi form

There is an embedding =M 4) (P ,
WF) for KNO st E

*
WES is

symplectic. that is
, every M is a symplectic sobmanifold of projective space.

Moreover
,
for Kno

,
and a compatible triple (W, g

,

5) on M,
I can be made asymptotically Kahler :

symplectic isometric holomorph it

1+ - w) = o(t) liges-g) = 0(t) 112 =0(k)
, Kil =O(1)

An elliptic approach to asymptotic holomorphicity
unlike the other results

,
Brothwick & cribe do not use an extention of donaldsons

techniques. Instead, they construct asymptotically holomorphic sections as solutions of an

elliptic PDE
,
the spin-cdirac equation

~

J+j
*#ahlercase:considerthebeautcomponvari.
L

0
,

2i +

⑦R ① L'T
W Mi

solutions to C += *)2 =0 are harmonic forms, Et j+ j * E-
so Ker( + [

*

/H2(X, 2) Coker([+*) = Ker(5 + = *

)g-= H
** (X

,@

=> index (5 + =
*) = [Gdim Hi(x,4 =X()

forK0,er (5 + [ *) concentrates in degree 0.



 https://arxiv.org/abs/dg-ga/9608006
Almost complex structures and geometric quantization

https://arxiv.org/abs/dg-ga/9608006

https://arxiv.org/abs/math/9812041

Almost complexase (M
,

w
, 5) I compatible almost complex structure

-

DefineSpin dirac operator # twisted by line bundle (4 :
Xt

- --
Et D- E- defined by J

!
#192 ++MOLk - 012n+ 1

+
* MAY EF is canonical spind Spinar bundle

D =X
+

+X is the associated dirac operator.
X agrees w/ JFCF up to lower order terms, so index (1= index (I +[*)
#hm(Brothwick-rribe) : index D = dimker+ for 1x

if J is integrable, then for large K, Ho (M, L
* )= Ker Xt

as J deforms to an almost complex structure, though we lose any holomorphic

sections of L", the # of solutions to X=

0remains
constris

spinors"

Conjectur,thedegre componento
it

i . e 155 40()=41

(remark : I think 13 I can extract this from the asymtitic isometry into projective space (

conjec tore : you can choose Peker+ st Yo has Quantative transversity
184dvic =OS1) while 18 Pl = 0 (t)

This is part of an old dream : a proof of the donaldson submanifold

theorem through microlocal analysis. The proisit of this led to elaboration

of the theory of Spin* Quantization :

- Development of Almost Kahler Quantization , Brothwick and Uribe

- Investigation into asymptotic expansions of the bergman kernel for the

spind - Diral operator :
Brothwisk-Uribe98

Ma
,
Marinesu'07 : Bergman Kernel's on symplectic manifolds



ASYMPTOTICS OF ALMOST HOLOMORPHIC SECTIONS OF AMPLE LINE BUNDLES ON 
SYMPLECTIC MANIFOLDS

https://arxiv.org/abs/math/0212180

Shiftmans Zeldich have a different operator whose Kernel
gives asymptotic holomorphic sections. They actually achieved a microlocal proof
of Donaldson's submanifold therm. But

, their operator is noncanonical shard
to write down.


