
KempfessTheorem this geometricQuantization
-

Prelude: Graps act twice

consider the perrenial example of hamiltonian grap actions , sen

(Kidznd) is a symplectic manifold

SGC defined by eit
. z = etz

↑ w/ "moment map" M(z) = = 1z1
Fgenerated by Hamiltonian Vector field Xu = (-Y, x)

likewise. S'GC via
e
.
(22d = (e2

, e22) has moment map M(2 : 22) =+za*
We want to take the Quotient C. But this has no symplectic structure, not even infinitesimally.

T(KYs) = TE/XM cannot be a symplectic vector space Motto :

on symplectic spaces, directions are pared : W=(ddid. Esimplea
in/ pairing induced by the almost complex structure 5 = (d)
Instead, want TCY) : This does have an induced symplectic structure

note JXm = JM
,
so TR/xm = KerdM = TRYXm

, [Xm)
= Kerdu/X

To globalize this construction
,
define[1= M()/S reduction T(C//s)

hopf 2 slashes ②

&/S = 3/s = CIPI
,
w/ fubini-study form↳ O ②

0 +2

symplectic
Il

where action of * defined by
Alternativly : CIP'= C-303/* (Xu

,
JXn)

We encode the paired directions of the action of G / the action of the complexification Go !

GG(X,w) is hamiltonian if it has a moment map u: X-> Lie(d *=&*: i .e,
-

· action of G on X generated by USET(TX) for 378
,
& W(V

,
% = d <u (, 5)

· M is equivariant not coadjoint action GG& MVz = add
I

ads
*

(0
,
0) :

=(0, (5,03)
assume GGM"(o) freelyThen XMissymplemanstructure
,
we have

Kempf-Ness Theorem (1919)0 = XYGc Ge where X
*
CX Open dense set of

0 +② "GIT semi-stable Pts"
,

up to equivalence,
"ImplerelationQuotient

"

which I will define later



Kempt-Ness, like all the best theorems
,
is a motto : something

you expect to hold in any setting where it can be stated. It suggests
dual symplectic geometry & complex Geometry perspectives , extending the

compact Grap/complex group perspectives on Lie theory

Today I will tell you about a different motto :

Guilleman-Sternberg : (H
antum

= (antum "Quantization commutes with reduction
"

Conjecture (1982) shortened in paper titles to "R]=0 "

and convince you that these two mottos are themae. Then, were proven
at thesame time

,
in different settings . With analagous arguments.

↑1 : Geometric Quantization
Quantization
-

classical phase space Quantum state space

symplectic manifold (X
,a) => hilbert space XQuantum

For any Quantization procedure :
- therestors in Xavantum represent "wavefunctions" living over (X,W)
- a G-action GG(X, a) preservingo a linear G-action GGXQuantum "functoriality"

Guilleman-Sternberg conjecture :
-

Reduced Classical Phase space
Quantization Reduced Quantum state space

X//6 = M(0)/G => (avanum) = G-fixed restors in XQuantum

(X6Quantum (XQuantum)
Proven in 1982 forWherantization : (X, w, 5) Kahler manifold

Let L-X be the Prequantum line bundle :

· L holo
.

line bundle
,
<) hermitian metric w/curvature equal to Kahler formw

XQuantum = Ho(X, 2) holo sections of prequantum line bundle

say GGX preserves or & J : Then XXG is also Kahler
define reduced prequantum bundle as We where i(xw

,
4) = [(r (d),2)

No = X0/6 sections are G-invariant sections on Xo
=> (X/8)Quantum-Ho(X//2, 2/6)

2/ carries induced holomorphic & hermitian structure



Action of G on Ho(X,2) :

We describe this infinitesimally, via an action of g on T(X, 2)-I eash 3Eg , defines a differential operator -3 : T (X,48, satisfying [03
,
00] = 0co)

I
first guess : 83 Jus : Tyle definition of corrature

fails commutation relation ! [Jva ,Jrg] =- ↑Qa]-iw(vs, Val # &Vo]

correctionDust < <M,3))s for set(X,4)

LO
[rtGetstA

evaluating commutation

↑ = JV
,]

+ iVz <M(x,Of
rearrange & recombine moment map terms

= JVco] Tim
*

(MVs (<o
,
07) Pushforward to &*

equivariance of M
= TV30] + i(M(), (3,07)

I = 0130)
a
depends on M

More conceptually : Es comes from a vector field " on the total space ofL

let vs" be the horizontal lift ofa relative to %. GGL

let Ru be the generator of the S'action rotating theI I *fibers of L

Then = v + <M, 5) R
G simply connected

,
i integrates to an actionGetX

& hence to an action on sections GGT(X, 4) GGX

/FastiitEStheEnd(4)
&Since G simply connected

,
to integrates

,
to a representation GGH

°

(X, 2)
every G-invariant section SH

° (X
,
2) restricts to a G invariant section over N"(0)

50S descends to a holomorphic section S/GEHO(X/G
,
LG)

Ho (X
, 4)
*
-> H

*

XX0
,
2/) Thm (Guillemin-Sternberg) :this defines a map (Xavantom -> (XQvantum this is a bijection

s> S/6 H
*

(x,4
*
= H

*

(x/G
,
2/2)



L= CXC

Example: (X, a)= (K , dind) , prequantum line bundle has hormition metris <S, s.)(2)= s
.
ze-12/

SGC defined by eit
. z = e'@z, moment map M(z) =z1

>

II saction on T(Q
>
2) generated by 0

.
5=· JystIMs

M

choose trivialization e(z) = 1 of L
.

In these cords
, J = d + W

w = Gloglek = G loy etR= ->M The chern connection happens to involve the

moment map in this case

so Jxs = ds(X)+ 2(X) · S ·

To apply moment map condition to GM,

write "c Using d = 2 + 2 andiJd = - -I , 2/ Jdm(v =du(r)

(u(Xn)= i(du(Xu)- idu(5Xu)
= (w(n, Xm) - iG(Xm

, Xu))d momentmapconditionis
: IJXF = ElTMR

=> 0
,
s = ds(Xa) + 2(y(xm)s + iM) = Xu(s)

I

associated to rector field (Xm
,
0on LtI

= (1 ** (x+yY(= ((x2x +yay)) = = (x+ y4) = - iM

s action eis(2) = S(ei= 2)
I

Ho (K, L)' consists of rotation - invariant holomorphic functions: The only such function

is=a, acD dimHo(, 4)" = O graph of Isl= =12.

--

suppose instead we used M(z)=F+ H,

= Xu(s) + ikS zThen O ,
5 = Jxs + it is

Then s'action is eit
. s(z) = eikog(eitz)

ko -> invariant holomorphic sections are s()= az* graph of 1 = 1P
*1

ki0 = no invariant holo sections

To see s(A, we graph their norm Is

- wat hermitian metric e polynomials are
wet

- invariant holo functions concentrate around zeros of moment map



/Example
: (CIPdWFs) With L = O(d) deIN

KIP2 admits UCD action (eit, gite) . [20 : 2. :22) = [20 :ei
%
2: eit222]

The moment map M : CIP2-IR2 is defined up to translation in IRI M((P2) Ho (CIPYO(d)) = homogenous, degree d+1 polynomials in X, X, 2

! consider a monomial Sm
.
n
= ymyn (d

+ 1)- (m+n)
= H0(((P2, &(d)

- the norm ISmnR : CIP2-> IR is invariant under UCD2
,
so it

length d descends to : fIR . The Graphs look like :

d = 1 d = 1 d = 12

·I
m=n = G

dbl)

m= n = /

4

n=m = 1

⑧

·

0,0

ISmink is localized in moment map near (nm)
in fact, <Sm,n)= H

°IP20(d)" for moment map M - (n,m)

Lessons from these examples :
- if sEHCM, 46

,
IsP( seems to Concentrate around M(0)

- Different choices of M for same grap action

E= G invariant sections have different "weights"



Part 2 : Geometric Invariant Theory (GIT)
Now we move to the complex story: How do we form a Quotient X/GC ?
Since Ge not compact, we don't expect to get a good Quotient space

example: GFC*, KG( via +
. (x

, y) = (+ X
,
+ Y)

complex picture :
orbits of I

* (real locus)

Xy = a

&I ·
a

NonHausdorf Quotient (2/*

Quotient is good outside of the

las XY =0 : &" acts freely, so

(2 Exx=03/ * = K- 503
.
This is open dense inside quotient CV//* = && Rocket bubble...? Idea : define functions on Quotient should be invariant functions upstairs

add Keychain to bobble, "Invariant theory"

& let the arraut - fineGIT : say an algebraic variety V has ring of functions R
, GaGV algebraically· V = spec R V//Gc = SpecRing of G-invariant functions

Define functions on VIG as GC-invariant functions on V

"buildvarietotons"

The construction V= SpecR encodes the structure of V irrespective of it's

embedding into"
.
To repoduce the embedding

,
write R=n nearIhydroxy ethy cellose /recipe ?? then R is a quotientofapolynomiarig REDEX is a

polyethyline oxide Clube)
so V=Spec))(x-tr choice of generatorso

manifold write V as zeros of polynomial
-

- hoberman sphere on a string , spin around IProjective
: a projective variety is VCKIP" Lets describe its functions

functions on CIP" = polynomials f :*** s .+ f(x)=i di degree of f

blow bubbles
,
poke hole in top, &letairart feH(CIPYf(d)) = HiCkp@cs") degreed homogenous polynomials e.g= axdaxdda

Ring of functions &H
O(CIPYO(d) is graded by degree

- Stage for machine - where did yo get that ? I => Ring of functions Ro for projective variety VCIP" is also graded
V has the structure of a projective variety

,
who choosing embeddingwrite V= Proj(R%: into projective space

-

catepiller / helium& heliss up
To pick an embedding

,

write R* = &[X0·X]/
-fraredecrevenous => Proj(R = Af:"(o) <CIP

wre

⑭

S M



[thenV//Gc = Proj (RG)
Recall Kodaira embedding: hold . line bundle defines a map to projective space

i : X-> 1P(H%(x, 2)
*

)
xi> ex evy(s)= S(X) in cords

,
choose basis So. ... SnCHX,2) . Then

,
X #) (So(x) : ·..Sn(x)]

Kodaira embedding thm: if I has positive curvature
,
then Ed s+ X-1P(HOX

,
Ld
*) is an embedding

For example, if L is prequantum line bundle
, Fn=0

, so ample
=> Quantizable Kahler manifolds are projective, and L = [G()
The "ring of functions" on X is R(X)= Ho(X

, (d) , graded by power of prequantum
line bundle

=> X = Proj(R(x)
Prequanim line bundle -1
⑭⑧X I--

1
GITQuotient= Proi) R(X)(4)(
explicitly, X/G has "Kodaira embedding" XG-IP(Hox,2)

S: basis of

X H) [So(: - :Sn(* ]
,

H % (x
,
4

Kempf-Ness (again) : Guilleman Sternberg (again) :

symplectic GIT

X/z = X//Ga (X/6) Quantum = (X Quantum)
G

proj (H (x /G
,
4/2)) = Proj(@H(X, (2)G4) # (xX0

,
2x0) = Ho(X, 44.

=> Ho (x/G
,
2/) = Ho (X

,
4Gk not Gy (yet)

2. 1 What's Geometric about GIT ?

want to relate points in X//GCw/ orbits in X

X//G can only hope to "see" points in X where Ho(X
,
4
**

is nontrivial ...
· XXismistabenonconstantGari to X/G
isb Xfinitestabalizertechnical "

XcXCX



Example : let X = IP"
,
Go*, X . [20 :2 :22] = [20 : X2 :x22]

[0 :0 :1] of X

min
. .

unstable
[1 :0 :0]
Polystable
(not finite stabalizer

where we impose "Orbit equivelence"
Thmm(Mumford:X GeX-Gey if Ex#O

2 slashes !

e .g. above
,
the two semistable orbits & [1 :0:0] are identified

Hilbert-Mumford Criterion : dynamic condition for stability
considerI

*
-action : lift from1P" to tot (O() = "1503

(Note we need to upgrade from a projective representation to
a linear one-" Choice of linearization")

x- 1"
,
with lift Y

,
is

x> 0m stable if lim 11/ = -

Corbit is closed
, so gives good topology on Quotient)

- semisableif lim (x.* /1 = (0,%)
x+j

un Climits of stable orbits)

Table
unstable ifim 10=

we can measure the behiever of the orbit from the weight of $ asting
on the fiber at the limit point.

Theorem: xEX is semistable for G iff it is semisable for all

1- parameter subgroups &*G



Part 3 : Proving Quantization commutes w/ Reduction

OneoP140(x,4= H(x2) **= H (x/6
,4/6)

#

①extendGactiononoGast
⑬ lift Graction on L to Ga action St Ho

,
4
*
= H%s, 2)

*

② show that the Georbit ofMC) is the stable los X

③ Prove that restriction Ho(X
,

LH °/
,

4
*

is an isomorphism

① prove that the Quotient map
Ho(X
,
2)
**
-> H

*(X/G, 4/2) is an isomorphism

-------------

① extending G to Gc : we work infinitesimally. LieGc = g= &19
I

Define GcGX via Viz = JVs for isEig.

① denote M3=<M, 5). Vz = X15 , so Vis= JVz = JM3I The complex Group action is generated by the Gradient flow of the moment map

B lift Vis to act on TCL) in the natural way

↓
Vizs = iOS for Sholomorphic . We want this written as a operator

Since Sholomorphic, JOSE"
*
(X). So

,

its+%. 5 =0 = Jus = -iTrs
OisS = i) rgs + iMSs) = - (5jvS + Ms) = - (Ju

.,

S +M3s)
in particular, if seH(X,4835 =0F34*= Ho(x,29
so @g5 Fistg = S is G4-invariant !

Now we collect facts about invariant sections . Let SCH(x,4-
· VisIsR= -2M31SP Fundamental computation

Viz IsF= Vis<sis) = 2<TrisS , 3) as J is a metric connectionI I s is finvariant
,
hence Gainvariant, so U= Vizs = - (Trips +M3s)

and Jus = -Ms . Plugging this in
, 2(visss) = - [31st·



· The maximum of 1st occours alongMo) Cassoming St0)
Like we observed empherically
say Xo is a global maximum of ISP. Then VIST(X0 =0 for any V . In particular,I 0 = Vis <S,5) -2M3ISP/x

/since St0
,
Ismax/SkolsO .

so
,
the above equality gives M3(X0 =0

· Along any Ga-orbit Gax , consider the function 4) = 1S(q**
if KEG

,
then IS(* = IS(

.
The compact part preserves norm

.
So
, 4(g) descends

differ
.

to 4: G1Gc-> IR Recall GIGDE Explie) = &
Then 4x is concave

I This is another consequence of our fundamental computation

LIcompotethe sondderrative indirectina=

-z((8m-1sP + 1132154)[8

& relationship with (semil stable locus

The concavity of4s implies , along Gax
,
Ist has at most / critical pt.

from the fundamental computation, these critical points are exactly Gax & M
+

10)
=> each Georbit intersects Mil & at most 1 G-orbit!

options :
· I critical pt

ISR
D

· Gox intersects Mt (d)

alds oX is stable (assuming Gail

· no critical pts (horizontal asymtote)

------ · E intersects Mild

i
Glo

· X is semistable but not stable



· Ist=O on Orbit

· if this is true for all Sel"x.4
X is unstable
~ G)Gp~

so X s .SE) Eix1(d) + &

M (d) is slice for action

of 19

e
via the quotient man a

9 is sorjective : for SoCH"(X/G
,

U/G)Ho(M'(d
,
2)
,
want to extend

I
to SCH)GcM"(o =X

,2) define this using actionis . The resulting
section is unique , b

. ) Geasts freely on X

9 is injective : wTS that for stHo(XSL) **, Sto
,

r(S)E0
.

This is true

b
.C ISR achieves its maximum on M"(0)

③ Ho(x,H
%X
,
L

~ is injective because XCX is dense
open

U surjective : take StHo(X*,L % We wish to extends to 5

I
Lemma : X"is complex codimension [I

. in particular, it is contained in

Idivisor D
assomming the lemma

,
we know by construction that ISR is bounded

.
So it

cannot have a pole at D . By the Riemann extention theorem
,
s extends

Smoothly to5EHX,424
,

c . + ~ (5) = S.

I



Proof of Lemma:I it soffices to find a single non- function SCHO(X,2)? Indeed
,
D =S'(e)

is a dirisch which necessarily contains X"

Guilleman-Sternberg argue for dim H(X,4**0 using farrier integral operatorsI
to estimate the rank of the Szego Kernel-gress.

We could alternativly use Kodaira embedding to make X a projective variety.
GIT

Then we are in the setting of classic GIT
.

we want to show X//GQ[prejC(239) is honempty . By It
, Nat if Xa a

semistable point. by our computation above, we know X has

a semistable pt b
. c M(d) is nonempty.

O(1)/t
St Ho(X

,2)
-17graphs of norms of

G- invariant section

ISR = up in lift

L=(7) 8()

Kempf-Ness proved : veIP(V) is stable under GGV iff
the orbit attains the infimum of IVP

.
E) zero of moment map in (1PYCFs)

Of "an orbit is stable if the g-invariant holo
.

section ISP attains its supremum


