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‘These are ‘Gamla’eS 01[ CPTS5 COn‘!/lafma“y invariant
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° under #y, H.{X) IS a unitial, assocatwe algebrn
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= Manifolds W/ |oca”y constant frobenivs algebra Stroctore on TM
(@X“CHY what we were | 00 King {'or,‘)

Def: A Frobenivs manifold is & mtld M w/
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Frobenius Manifolds as 2D TQFT s 22

: Associativity:
Axiomatic approach to 2D TQRFTs: = <

4 Hi)berf Space = |D manifold

'OPEFO\TOFS = 2-0) Connecﬁng mtld
o \\C ) bO rd iSM//

‘Operod'or algebm — Fmbenius a/gebrq

* Frobenius algebm s essence ot 2D TQFT
o Frobenius manifold is essence of 2D TQFT WC“’”HV

“Each pt on mfld is a TAFT
‘Tr‘anslcc’r beﬁuefﬂ TQFTS W/ L@\/PCI\/IT(}\ CON\@('HOV)
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Modu'ii space of Kahler mflds

Kahler Target  space (X, w

° 0~model described by
— ahler form we )" (x,R) Q  complex strycture T € TXOT X
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c‘efOWmM'Wm gpl{f accordnn9 To  these
k hler d fo t
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Kahler defor mation s 24

.. 11 , c
* Wahler form weH™, positue /EEWZO o BeH, (X, Z))
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J
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—allow “B-feu”: ¢B+iw | Be W (xR)F
/L/L Callor " % HZ(XJ R) +i Hx g/}f( X, 27)

T M, Z HTGR) whatowe wan®
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' Physical WOFH 1S low energy. observeA ‘Hneory: are etfective

—Math: Sale metric 9*‘9;'-9 o AW length swle, A JE

S(4)- gz g+ lvw(@l®  1ed*= 9% 3.0 3,0
D I Wdol® Jominates = S(0) becomes 0= model
o\ = /ldWL (Jrops vt = S(0) becomes LG model

C /,
* 2 oom out 7

MNzoom in”?

Analogyi Classical Particle on manifeld  H= 9;JP;PJ +V(x)

“low energy : iy

-low velocity ‘higln velocity A

-depends on depends on Vi
potential metric
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Qenarmm / i2atun ot Po tental

‘IR lmit: very zoomed in =2 lookts flat
) can Treal” oS {*etds 1N CH: (Can'-yd)n)

o W rite P0+@n1'.’a) w/ 4y lor e x pPansign
»renormalize: fields sale like ¢.1— X7 Umd imensigy
R RSN N S

-+ only hughesf order Term surives
~ quasihomogengus: W, (,\cp FYAE \! Woe (&, 1)

* renormalized action: S[(P) ELEN W@F((P,.,ti?n)

Grog | : C‘assi]cy distinct L6 Theorys & &laﬁﬁfy
quasihomogengus polynominals vp to coordinate Transform



BRST Pfd'ure mC Phyg.’m’ Operzﬂ’ars

cSUPé’rgymme+r>f 9€n€m+€c‘ by opera+0r ", “BRST clnarye//
/_\mdeA

— phys-(al operators’ Obey Supersymmetry EC[ (pJ Commytator
- [& ] =0, Thes forms a com plex

— Q-cxact  perators [Q,@] are trivial n path infegra| = Physcally trivig)
— physial operators” are Q-closed, defined ve to G-exact: Q- Cohomology

Physa’m‘ 0p€ra1'ors oﬁ'eﬂ Colllom0|03y 3FOUPS-'

T-model: Q= ,  Physial operatos = Complex Cohomdlogy  classes Hﬂq
LG mopdels: effective POfeWJ““’ w (]:UD ({)J
‘Q‘((OSC’Ai holomor p hic fonctions of fields A
- Q-exact: fonctions  0f form vy W 3;\/ 24)) ’LVW

C how 1o
Cl"'m) - PV‘)’J)MI = Q C\OS&J = (]:[d)u /Cbn %le‘rer et as
ring = operators ~ Q exact [ J/ Tow| Frobonos

Manifold ?




(‘ocal) Singulari+7 Theor‘y

Goal: Classify crifical points vP fo  coordinate  Transform
* Consider \/\/-’@"—} C, W(o)-= vw(9 =0

Treat this loally: germ G (Gu=Guif F0ec” st why=

~ space of germs of fns "2 - Gy,
* Coordinate Change: germ of  biholomorophisms G- e

W = Woy want (7/49’

W"ﬂ
o inFeJresimm/ Pu‘C*’UI’?' 9 { = @ Jacobian ideal IVV\/ |
WoWos, =2 Wae & Weg, = W+ %Tﬁ

Lol Ring Q= Gy

Diﬁ%@ﬂfwf‘phifm invarianf Of C(\i“"i(ql Pomf!

need a more
SoPhisTimTeJ

nvarianT
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Pi(ard-LefscheTz Theory: 33

MOPSé’ Theory-' ,evel set Topalagy Change & Critical Poinf Structure

TOPO‘OQ\/ Change
Dcrit powt
Index 1

homotepy clagses
s mapPs

? R@Ql isolated crit points &7 Llﬂ'iai, ME(4 ?R:\
R-f03= €117 action of TC(MEUR)

’ Re
é ‘ ,[_Oﬂﬂg)i isolated crit Poin‘l's & L(/ ,gozj MHAE]
- C-fo3~ 5\: action of ﬁ,(MftA?E)

CUV}’)FIGX morse ‘H/] eory

89 VVIOHOAY“OYYI\/ on ((0) l’)Oh’lO'Oj\/



Cohomology Bundle %

B connected =

o Paramer Tized ]Camily of mani{OHS Mb, bel
/a:,l(b) Mb diffeomorphic

—.€ f;gmﬁm Qf.’M—?kB w/ lcibers My =
°Mb hot's COhOMO‘OQY H (Mb)

k
Cohomolagy bundle: H o =lIH M)  ack Hoa—>B

(=1 M)

¢
g |

HO("’\'O>
) —
[

W




Gauss ‘Manm (onn@ﬁr.’on 3h

Trivialization:
UcB contractikle

Mb'
L% —
inclusion resfriction
VE )
b: bz )
= -\ - e
/[\C*(Ll); HP‘(Mb.) e [U): HKCUbe)XU ft'x[bbjz H [sz)

= HY (M) xU

'(loca”y) const transition fns o Sheaf T(H %) is a local System
< 3 flat comection 9™ on o~ w/ locally const- horizonta| sections
VGM 1S @%‘ Manin Connection




C'GULSS"MO&MV) Monodr‘omy Example 36

* M connection v on T‘C*IH;—’B flat
< representation of T(8) on HK(MB) (monodromy)

Mapping Torus tor orienfation- =~ Klien boffle !

reversing circle map _

S x[od/n; (2,00~ (2,1)

Monodromy:
weH(s')
(e o Wtz -w




Un 1L0|a|ings &

*Want fo strengthen Picard-Lefschetz invariant

‘PL invariamL ICOFVYIEA from de]COrming \/\/ \o\/ cond'anJF
>What if we consider all possible de formations?

°Un1co’din9: deformaTion of W paramertized by base /
Wy (x): C'xA >C in practicg /\:aiﬁg' W, (x)= Wx)

* versal untolding: svbsomes all other unfoldings (up To coordiates)

) “Change of coords 9, ()
vV /; = ’ 4
e Cry V\/x ()() W@(x)(% (X)) for some -Change of parameters OLX)

contains all

il FOF bagfs ‘P\J..)\PM OF ’0(0[1 r\l—ﬂg @sz?fni‘ma“y Noneguivleat
WA (%)= W(x) + 3 X @ (x) is versal

*H=dim O/Tyw is minimal dimension of versal unfolding \\Vr\wuivlwnboerr/

~M -dimensional versal unﬁ)léinﬂ 'S “miniversal” A




Umfolding EC xample 3§
W (2) =2%

VW = 425 5o Toy, = (27

local ring: Q) = (CLZJ/IVW: LLZ]/(Zg) = span <L, 2,252

M :dim Qw -‘:3
2
versal deformation: Ws(2)= 2+ NoZ + N\ 2T Ao
IR; critical pt Tm
locations:
R
KJ \#‘/e Greneric delcormaJﬁonS.'
split- critica| point into
{ U
- M_ nondegerate (morse)
M, Critical points
' [ 4
¢ Re

+ .



Milnor FibraTion 39

'Choose Ucc" neighbourhood of isolated crit: point

. Consider hypersuface Va= W '(0), hec®
—restrict to Ae€® s+ \enr infersects DU Transversely

/\/ngé/\ | Vy is nonsingular}
Milnor Fibration:

TV 2N

g = (X)




S]Lrucjfure ot MianF Fi\oraTion 0

«Milnor fibers all diﬁeomorphic Tor any deformation

.homoﬁp\/ +7P€ S\H-_/‘\/-VL/\/SY‘_I

R f=n-|

°(co)homology HH(\/X,\R): 0

“V(mish'mg (Co)homo‘()gy//

else

*Cycles That g0 to ()
at singular fiber

ingu’ar

ol * monodromy s of

anishing Coh0m0|09>/ bundle




Period Map |

o (n-1) form ¥ on C"xA\

~k|’x=‘l/}\/kj s closed, so [MeHn'l[lA)

— Y defines global section (1 of wvanishing cohomology bundle

LY] is period map of ¥

Residgie ‘fm (or Ge}fand—Lera\/ fgn_rm) FOV‘ n—form w. 3 &l*l)]aorm n/
St odw=w. ResTriction “Aw,=Nly, is unique

Gegmetric sections are ot The form 2N
T/ -vqmshmg Cohamolog\/ over Pundtured disk T/.'

Analyﬁc \COr‘m OIC (muss-qun:
Vi, 1] = [d174w]



Ana'yﬁc SO‘L(TiOV\ 1’0 ()’auss-quin; -2

° C")OOSE Coora' inod'es
= Pick n-forms @y -owa

> [w/aw] are basis of geomefr.'c sections
- VQ; Lw"/dW] Z Pc.J ﬁ) [.WJ/AW] Puw(furec’ diske

=[P ] holo. on T, mero. on |

h (S(h l’\orlzonhl section of vamshmg mfe er h0m0|0jy bun(“e
>Jr(ﬁ) (Sé()w‘awj s Sb(ﬂwxc/aw)

= chhI: D'I Picard-Fuchs equahon
Asymtotics of

50‘([’—!-07).' [(A)/dw] = 2 JF\(X (ln h)K A:ﬂ /}/(l_ Cphomolggy near
\r20

singularity H=0




(Mixed) Hodge Structures

ksee appendix B for miked hodge structire of & singularity

Hsz
2, | 1,2
H
HZ'JO H'J‘ HOJZ
HIJO HOJ'
HO)O
E 1 S

H Odge Fi[tration

43
Wuk ‘ ;—5
=
w, £
=

W,
=
W, <
3

W



Semi-co0 Hodge Structures: T

FD F, :7, e s

X
+ some other requirements



\/am’cﬂLion of Semi—oo Hodﬂe S]Lrucjfure (VSHS) 45

Data: (M, £.V)

‘M Parameter Space
+ £ loaally free sheaf of Owt% modules

—ie vecfor bund/e w/ Jﬁ‘power\ series coeﬁcicenﬁ

o Vit Q4o é Flat connection
Grit€iths /\

trons VersalH'y

® OH’IQF dmLat Polarization (-, ‘)25 EXE‘%O/Q%))
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'SCTUP5 LG Po’renh‘a) w: X—=¢ w/ Vversl unfolding Wi, AEA

‘Consider new “unfolding’ Wiy ()= Wald/m (k)€ AxT neT
- tix )‘éﬁnmwg tibration V=T, €= wy'(0) := Vs O
~ Indyces Vanishing Cohomology lcibraﬁon
% He> T, 2 (h)- H" (V)
: Aﬂa/yh’c so/ufn’on of Grauss- Manin: (L€ D.n(X)
[‘Q/dW]JZ %A(lnﬂﬁ A(:D(/K[ ¢ [_Q{y:,;)
(20 -

; Sect;
Fofma”y n-| basis of flgr S€ctiong

— H (\A//\ﬂ[o) ){‘B;



A-Model VSHS +7

Quaitum Cohomologyf new product on H'(:

Paramertized £ De £or-med

(formally) by X H (.X)XH %H(X {ﬁ (formqlly) by h
¥ e H'(x) \j‘

A =HY) o &= H(X)® O £3

fOrmal)

[norma‘ tlat connection on H.(X)
_ L
Y (55, Y00+ kAo Y
(Flat conpection from Frobenivs mfld  stracture)

note: For Trivial Tangent bundle w/ usval  Flat  connection,
Produd’ on T/C — new ]Clai' connectigh

)KVY\i_ijnﬂ Technical detuils



VSHS as Moving Subspace +8

Vg HS [MJ EJ V) A SUPP&(@ /('{, S.'mP/y connected

laurerﬂ‘ Series

H - {Sé r(f@ Ou it § ) | VS=05  of fut sections
"V flat f w0 2 U5 0 CEiERE  adds 5 terms 1 £,
o 5, ZiseH /S(x)eé,xj?i extend &x by flat sections
~& chooses subspace of Y w/ positive h wets
'E:s subbundle ot trivial  bundle }fMii}?xM
o Oppisite Subspace: H < ¥

ne VX" 5{: M—@gx

0
Terms

~CERS/C Submodole: only T
- M‘%:H-X/”( subbundle of Hu
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VSHS =2 Frobenias manitold 1t PO

g, (ﬁ) Sheaf (@L?/lfé-’cfon Polarization metyic Product on Tx A{
MWév é) mé%
(" ‘)2 ) X
¥J base mtld J
O locall ocall
ﬁ Terms: g/ﬁi =4 cnh o E4 hd/y~ trivial!

° for .ﬂo é ‘h H 7 (ﬂ0+"){ )/]i)( i$ l P"' (Jruw)
' ’ . Ih 1730 art,
5ém - o© PeriOd m_QP . \l,/: -(20 ‘—>[—(20+ H)‘)nfc, € l_[g) or “Tn”,o £;1|'E

’SUPPOSG X)’%FVX Y () 9ives isomarphism TMEE/E ‘\m:'ni\/@rsa///
vcomection N on £ indyces v on F#%./——‘:/T/L{ ﬁzd’Lj\l’A
,,Ae_Q‘(EnA(FM/J.p')) gives PFOCIUCT‘ Structure:
XxY=2Z & Ayl =Ay, |7 Achvl,
(=) on Ehe=TM yields g



gummary SO Far- 2

A- Side: )
¢ Q wantom Cohan’loIij 1S V)qfum”y a Frobenivs mtld
* Frobenivs mtld encodes physics of CFT Fam:/y

B-side:
‘ Phy;ics of LG model @Singularﬂ‘\/ ﬂleory
'Singulari’r\/ ﬂ\eory — natural VSHS

* Quantum Cohomolz)gy has VSHS
*VISHS = Frobenivs manifold
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i —

FOF €V€r‘\/ - model (Jeﬁ’ned w/ kbi“er‘ Manh‘alJ)J
Th€r€ is an LG - model (d€fined W/ quasihomagensvs fonction)

Such ﬂ’qu ﬂ,eir \/SH(S are .’somorplﬂic




Re#r.‘cf 10 Calabi-Yau Manitalds: b &

* Kahler mfld X & Calabi-Yao i€ (TX)zg G KA TYK s +rivial)
Mirror .Cymmefr\/ hhef Special torm for [ riarh

A .
QVquhamygehaus polymominl  Flx, -,x.) has weghts  \: )\ /\ .

" na’rwaﬂy ST weighted  Projective  Space \A/CP-‘

~l
- F (0) C‘elcme_s Smwﬂ, Sobmanitsld ot \/\/CPJ
2 F (0) 1S Calabi- yav ander ¢im ple constraint on degreq/ We,hf’s

CY’L._G' correspondence  if F[o) (Y, L.G model = o=model on Fl0)
\\LC' T heory eQuivlenT to Strings prapegafmg 0N Vanishing get”

 irror symme+ry ectqures 0-model on | CY-mfld to andther

Mirror Symmefr\/ '§ T’Auql{fy



Comp/ex Deformations (Bfmadel) 55
'A‘mm“ Complex Strvctwe J - ™™ — T

____UJI‘ Lo 1 Yo .
e M QTMZ 0 CMJ T'M) TM-wlved I-form
* Deformations of T are Clgsed :

T/(‘(Co Plex/ H CM T‘OM) Kodira — Spencer class
m

. Paramer tize complex deformations of CY m€lds

« Mo dols space MLG brgger: T/"LL&N@ HC\A N T
M"'(’ 'S E"fe“df‘l/Th.cﬁmed CY modul i space

q‘umh/wl versiow of M@mﬂk’x S noy communatve cmplx de€tormations”

A'WIOA@“’ T/{’(K&L/e,\;H [M)/ Kyautym cobomy = H ‘[/VU

No extention needed for CY 3folds (T think)



Modulh’ Space Of Ké{hler‘ Manifolds 56

Kahler deformation whler Je complex  deformation
= A-TwisT 4 — B-TW.‘;T
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.

.
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Minor Sleme’fry for Calabi-Yau W

Mirgr CY mflde €xchange their (cxtended) wmodolii o€
\Gihler deformations Q (extended) wodyl Vi of
Complex  detovrmations

or...

rMirrar CY mtlfs ©xcha hge their Aﬂ B *f'm/n'jti f




Pf“é’\/fewi Tmpica/ &eameﬁry 54

170‘9»‘(@[ gem/ne“i'ry =) Curve Caan?"fnj = /«]-Jl’de

?7 “'mp(wﬂ geame’rry = [3-¢/de 77

e ————

Gmll Constroct A £ B side VS HS's Thrv thpics
iSamarerSm o Tropis = fsomwphrsm ot VSHSS
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2 hag Ling bundleg K= /l_;wj)[il Kd': (2)

holamwph{c |- €orms ont; Lglgm”p;. v4 I—frm;

K" @K - K k’”’@é{”' '
O e (k") O e ()

"/‘L

$Pin bundley:

¥ 2L ro{-m'on; 1 ra’rr/ﬁ“dl/l - rer gn 2 rah/rl'

a b NS s Y
@) e R- Symmetric

e 9 g Mixing Fhee w/ ngr mal
otation gives  A/B fwists

N ew Symmefries; (@t éﬂ—w%(e @i



APPendl’X B: Singu/arﬁy HOO‘\Q@ S+FUCTUF€ b4

1
[w/pe]= Z 4" (nh) Ap /K

k20

Hodge £l 4ratan . Ordec of [w/ie]
Fgr cac h £ ber HM[VﬁJ&) ) +0L1’(€ Sul»sf’ﬂe Fﬂ U'F

Clements w/ ovder £ N-P-

vS S’mq”&f\(’ 'Kd

n-
W€;9M+ \E”Tm'l'i’m: '@T M be WWV'OVWAWWIV on H /‘/1:,)
Fact'! In, K st (m'-1) 20+ M'-T © nilptedt
€V€f‘7 nil petent g pecator N defrnes a Fldat7n:

& no‘l’ ﬂe fc’q’

: X X X, X,
Nv . (.”} ) N f | 5 fAL N " N et Xl H Wfighl" Eilfraton,
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