
An overview of 3D Mirror symmetry
content from AMS Notices article "3-dimensional mirror symmetry" by Webster' Yoo

this talk will go over a large-scale picture of 3D mirror

symmetry, discussing the objects of study ; their interrelationships.

I will four the imageabove, with I drew for Justin Hilburn.

I won't carefully define or describe any of the objects, leaving that for later

talks
.

Part 1 : the physics framework.
All different types of mirror symmetry are organized by their underlying
quantum field theories

. All the quantum field theories today stem from 1 :

4-D N=4 Supersymmetric Yang- Mills theory.- ↳
size of

Dimension of underlying supersymmetry algebra
space

Such a theory is defined by a lie group G /garge group) &

A Quaternionic vector space N (matter

This theory assigns any 4-manifold with metric to a number
.
We can modify

the theory via a "topological twist" to remove metric dependence
, giving a TQFT



There are two possible twists, the AB twist. This leaves us with two TQFTs,

B-twist Hapstn-4DSUSYYM-A-twistpostin-witehe

We expect these to be fully extended Lurie-style TQFTS · We can obtain

lower dimensional TQFT by imposing bdry conditions L

Let ↑ be a TQFT in dimension n. 2)I//in)
we can definet on manifolds w/ bondary if Lo

each bdry is labeled w/ abdry condition .
" Il d

Applying T to RRxIv/bdry labeled by Loh Zaio0
defines a n+ -dimensional "boundary theory" Ought
In the framework of the cobordism hypothesis, theAFT T is defined

by the (n-category Zy(Pt) · This is the "category of boundary conditions"
- the objects of Z-(PH) are possible bondary labilings (eg Lo or2)

- the morphisms Hom (2, 4) form an Cn-b-category [GcnT (PH)

Starting w/ Kapostin Witten TQFT,Btwist

we repeatedly take bondary
theories. -
This is the "Mirror Symme-tree"

2D N=2
- # -

↓2

IDC

-1



There is another way to reduce the dimension who choice of boundaryconditions

2 (1) evaluate on a cylinder ! This is called "Dimensional reduction"

↓ This extracts lower-categorical information out of a TQFT ↑"

(a) CHoschild homology) it is a separate axis from dimensional reduction.

A

4D :B Map of relevent TR

3-categories ↓
and what lives where.

3 D : Kraternin2-categories ↓ a OGeometra
2 D :

comply&ED mirror symmetry
Garality -

1-categories
↓2 Offer

,

simplectic Chr
dabyID :

real, I Tohomology - I I -Vestor spaces S
The mirror symmetres its shadow

its shadow's shadow...

Pa2: 2D mirror symmetry

-

For 2D mirror symmetry, we can describe the resulting TQFT as a -model :

it is some counting of the space of maps from 2D sarce to target.

for a Kahler manifold M, we have TQFTs ↑B TA() = # Maps (S+M)



The difference between the A, B twists lie in what "Maps" means.

"Complex side" "symplectic side"
Twist : B A

type of maps locally constant
holomorphic

holomorphic submanifolds
Boundar, conditions

/generally, coherent sheaves) Lagrangians

chain complex of morphism (derived) intersection pts intersection pts
differential of

none holomorphic

category of BCs.

↑

I
DP coh(m)

I
Fukaya sategory Frk(M)

I
morphisms strips ·1

Mirror symmetry posits that any Kahler manifold M has a mirror pair

Mr such that Th TBIA egrivelence of underlying
M TQFTS

in particular, Frk(M)= Dcoh/M2), the familiar statement.

1 theory : also exhibits holomorphic/ locally constant dichotomy
.

C

B A

target M complex M riemannian

Maps I constant

Is I constant

z(M) H
=
(M) Dolbeaut cohomology H

,
(M) De Rahm schomology.

"nolomorphic "locally constant"



Part 2 : 3D Mirror symmetry

The Quantum field theories underlying 3D Mirror symmetry are
Sigma models w/ target M . Call these T,
Now M is hypetahler manifold : it has

· Three complex structures I
,
J
,
K w/FEF=IJH= -1 Craternions)

- Compatible Kahler forms WI
,
WF
,
Wi

=> a holomorphic symplectic form= = - + iCK · (holowrt I

target

B
i

I A

hyperkahler-

maps constant Fourter maps from IR3- MI lagrangian wrt 1) I
"graternionic maps"

Boundary Homorphis lagrangin set Holo
. lagrangians

Zi(PH) - Rozansky-witten Holomorphic Fukaya category
2-category I 2. category 1 or

,
"Ferter 2-category :

"



But what is the target manifold? remember, we started u/ just
A,3

agarge group G & a quaternionic representation GGT*N to get 3DTQFTs Y /G
,
N)

The theory TCG
,
N) has vasca : configurations of the fields with O energy.

the space of such configurations is thedoli space of vacura
-

source fields
Source Fields

-

↳ .......&zen = --/

Y &
energy states 29r0 energy statesmetric small

metric big When metric large
, the states concentrate

alongO energy states (vaccum)
in the large metric limits the GFT limits to a -model w/ target the modeli of

vacura . A TQFT is independent of metris so this limit is exact.

The moduli of Vacura of TCGN) is a hyperkahler manifold w/I components.
colcumb branch McCG, N) we can compute things about the TQFT

s Branch My (G,N)
using either My or Mc

But the mathematics behind each looks

very different.

The Duality between Mc : MH is 3D muror symmetry
↑

Conjescre : (3D Mirror symmetry, to a Physicist) y

if T(6,N) is a 3D N=4 QFT, then there exists a mirror pair YCG; N.)

↑* (G,N)= ↑B/G:NY
such that

TB(G
,
N) = T*(aN:) ·

in particular
McC

.
M =MH(,Nt)

MH(G
,
N) =M, (G ; Nil

*& B twists snap Higgs & Colomb branches swap

As outlined above
,

we can define [AB(
,
N(Pt) as a 2-category associated

to the holomorphic symplectic structure of the target MH(G,N
Z
↑A/GNH) = RW (MH(GN) Rozansky - Witten 2-category (whatever that is

Il

2B/fi, Night)
= Feut (MH(r "N))= Fert (Mc(G,N) Ferter 2-category (whatever that is)



Conjecture (3D Mirror symmetry
,
to a mathematician) :

holomorphic symplectic manifold Y=My(GN) has a 3D-mirror

RW(Y) = Fert <Y :)=M, (N st
Fert(x) = RW(Y :)

To Do list :

- Define MH(6,N Ceasyl
-Define McCG,N) (Done in BFN I,I)
- Define RW (Y) (Benzri-Nadler 2026 ICM ?OtDone

Fert (Y) (Doan-Reachilor ...)
let's get to know these spaces a little bitt ...

ExampleOumb Higgsbranch :

let me describe the simplest case of abelian 3D Mirror symmetric,
which is analagous to toric Mirror symmetry . - -

·G = UCD
,
N=C
"t

with action 0o (in)= (eit20,..,eitzn)

G
:
= UDY

,
N =Ch

+
ms (G
,En) · (20-2n)= (

: Et 20
,
eit

, ...
eithen)

My (USD, T
* Cut) is a Hyperlahler reduction T

*

(Y/VP)

/identity T
*

D = I quaternions so * D*** IHMH has a hyper Kahler structive

UC) is Hamiltonian in all 3 symplectic forms
WI WJ WK

~/dMo = 2
x
Wo if X generates USD) action

I MI My Mp : T
*(*-> IR

holo symplectic structure

organize into MI
,

Mc = My+ iMy (moment map for RI = Opticp)
+
*(
*

///v() = Mic(0)/\ux) = Mic()1M=() in Hyper Kahler geometry , groups
3

VII) act 4 times
.

There is a "stability parameter"3 controling the level of the moment map.
Physically, this is part of the data of T/G

,N)



30

My (V(D), (*
+) =

** = +phi
3

↓Yt &

W

MH(Usi, (
+) = T*+///VIDY hyperkahler reduction

(3..;3n)&

the sult is a 4-Dimensional space . Topologically
,
this is an S'bundle overi

with no circles contracted to a point.
~

T
*
of chainI Upon likeo n - spheres

..."n

This lives over singular variety => Even
-*

1 V = /In An singularity

For generic 3, ..,n,*Yus = /En resolution of An Singularity!I -

d

-

indeed
, exceptional fiber is chain ofa copies of Ip' arranged in the dynkin diagram

of An Of..g (Maskay correspondence)
Kronheimer constructed the Hyperkahler metric on/En

3D mirror symmetry I +*
"
= zn

relates these spacesTh note : dimension not preserved!
[unlike2D mirror symmetry)



In general Higgs branches are MH(G, N) = T
*

N//G
colcumb branches are trickier to get our hands on (more on that later)

resolutionsMathematically, these are captured by symplectic-
Def : a symplectic relation X consists of : E

- A smooth variety X w/ holomorphic symplestic from #
-singular affine varietyXo / resolution of ↓
AI singularities X -> Xo

↓scaling action of* on Xo Kical singularity
"The lie algebras of the 21 century" -Outunctor

3D mirror symmetry manifests mathematically as a drality
between symplectic resolutions X & X"

,
called sympletic delity

ssee last page for mathematical details)

What is a columb branch ?
wewaslike to know how to build a 3D mirror to a Higgs branch,
i

.e construct a colomb branch McCGN)
.
We can access this like an

algebrais geometer, by defining the ring of functions ((Mc(GN)]
( we assomed Xo was affine in a symplectic resolution).

Recall that M , Parametizes vacura of T, which are configurations of fields.
we can define a function on Mc by evaluating an observable for each vacura.

we exploit the "State - operator correspondence"

the vector space Zy)") is the Hilbert space of states .

Ieach element veI + (D) gives us an operator :

Take any 3-mfld M3
,
& excise a small ball . this gives a cobordism [M-5

2)o : 2(2M3) -> 2(SYPaingWVSSun Str



The TQFT structure gives a product on 29S2) , the "operativ product"
2
S

~( ) : 2(5402(5) -> 2(s)
↑

this is commonative :

-G
&

Each veZCs) gives an operator, and hence a function on Mc.
in fact

,
this is all functions!

colomb branch
Higgs Branch is Ar-algebra of observables- At

isA side

B side
Ceasy) Il Il

Shard)
M =Spes[[mp(52)] Mc = spec(I+ (st]H I

for GGN a -rep,when the guaternionic representation of G is T
*

Na
this is easier to describe

. We expect 21st) to be some geometric quantization
of the space of admissable maps from 5 into N/G

K

we think about as the contraction of 13-503 by vertical lines

"Raviolo"

Mill - - DWD/SD-5033
-
~ give two disss on

complement of O .

"complex line w/2 origins"

Ab A
C(Maps" ins+(@ ,

N/G
,) const (Mapsn /@, N/C]

&

holo fas on space of Kallyconstantusis maps
-

lally constant maps



My = SpecAr = Mapsconst(@ , N/Gp) = Epairs of point x-N/o & corrector &x
the corrector remembers the orientation of the disc..)
(we're working in devived geometry)

- T
*(Y = T

*

/G holomorphic symplecti grotito

=N///G Higgs branches are Hyperahler Motients

More succinctly, AB= [Mic]G so MH = Milo/Gx = Mc()/G
Affine GIT symplectic arotient

The colomb branch is more exciting .

Think about the disss in the variolo formally.

D = spec (((t]]
,

D
*
= specK/CH)

, maps from DWD/D* into N/G are

given by maps UE : D-> N
, glued together by a garge transform &D

*
- G,

up to overall garge transforms h
+, h: D -> G Algebraically,

Mapsha(*,) = &(+,n-91))NIG[[t])BFN(G
,N)-

looked at
&GN Cutting grasmanianKindat) eguivariantly

left action : h+ (hyn-,1) = Chin+
,
-,+)

right action :ho Sn
,-, (1) = (hy h-n-, 2 h)

we want to look at "locally constant" fructions on this space. The
right nation of this is Barel-Moore Homology· All together :

Mc = spec(HomNGE
(H)



Extracting SymplecticDodityfrom 3D mirror symmetry
The full 2-categorical information
predicted by mirror symmetry
is inaccessible right now. To extrast

provable theorems we need to decategority.

This is where Dimensional reduction
comes in : we can extrast a -category shaden

of 2D mirror symmetry.

This takes the form of "category
O"for a symplectic resolution .

(
*

consider a symplectic of
↑resolution w/ compa

e action tible
Deformation grantize these manifolds : Replace[X] / a nonsommonative ring
* (x) s+ LimA(=[x] · The

*

action induces a grading onAt

LetO be the category of As-modules w/ positive grading.
Geometrically

,

these are D-modules supported on stable strata of the
*

action.

If& is a springer resolution of 0
,

then of agrees w/ category- of reps of

this generalizes sategoryO to arbitrary symplestic resolutions !

3D mirror symmetry suggests that category of of & category & of

are isomorphis, a phenomena generalizing Kozal duality. This is saled sympbeety.

Physically , this arises from of defirmation : turn on S'action on IR?

⑳ operators fixed by this action lis on a live
.

So
, they are no longer

communative. The algebra of operators is now a non-communature algebra.

I& This gives the deformationavantication of the colomb branch i


