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(Blue will mean verbal explinations, Black is written on the Board)

this is the first talk in a reading seminar on the relative langlands
program,

following the recent paper

Where we're Going :
Relative langlands Program

Langlands duality

Ordinary : 6 -> I Zie groups

G I C-spaces

reletive I - S (specifically, hyperspherical-
M M varieties)

-

the relative langlands program extends langlands drality
from groups to spaces with a group action. Both the group

& the space are dualized
.

In the paper, they conjecture

the spaces are what they define as hyperspherical varieties.

Today's Q : What (0 whyl are hyper spherical varieties?
(BISU sec. 3)

Section 3 describes several ways to construct symplectic spaces
,

defines hyperspherical varieties, & provides a uniform construction
.

I had some trable turning this into a tall, because it's not clear until
later why we should care about hyperspherical varieties. -

-Builds on study of 6GL2(X) for xpherical
Satellaridis - Venkatesh (

BISU builds on older work by SV, where it's easier to get
motivation for spherical/Hyperspherical manifolds.



I found a corner of geometric rep. Theory I hadn't seen before
.

it's a very classical symplectic geometry approach, extending the orbit
method

. And it all centers around cation .

We will motivate these spaces with zation

It 1 : Symplectic Geometry & quantization
Wi-2-form

symlectic manifold (M, c) - nondegenerate
- closed JV =

"-zof

w(x
,x)= <X, Jy) (. ) riemanian metric

J =
"almost complex#

Ju

structure"

from Hamiltonian He CP(M)
, get miltonia vector Feld

Xi : = J JH first take the gradient, then rotate 900

unit level sels-
XH-
d

classically : particle in IR" has position & momentum

- lives in T*R"
,
w/ canonical symplestic structure

↳ moves along vector field in T
* IR"

Quantumly : particle is complex function on I "

2 lives in hilbert space ↳ (IR")

↳ moves according to linear Diffed (wave equation)

nonlinear evolution mmation, linear evolution

of points of functions

⑰ ⑰



--

I
Classical Quantum

States symplectic manifold hilbort space

(M
, wi·

fec(m) H : 21 + H
linear operater
-

lie algebra of "Prission bracket" [A
,
B] := AB- BA

observables Ef, q3 := X- (9) - (etA)"B(e+A)
infinitesimal change in I infinitesimal change in B along

along evolution by f
evolution by A

Quantization (Dream) : for (M,w) symplectic manifolds construct

hilbert space 29 & lie algebra homomorphism

(c(m) , E .3) (operators &+ H, 2,37
W

This is Provably impossible most of the time
.

Geometric quantization: construct I as sections of line bundle

L w/ curvature the symplectic form C

A Beautiful idea
,
but it only half works , only applies in

specific Senarios (e .g Kabla mflds) ·

M= T
* X -> I = ((x)

Archatypical examples :
X compact Fabler (> H

= Ho(X, 2)
holomorphic sections

Mattr: Quantization linearizes symplectic melds
-



-G-actions G compact reductive lie group

GGM means FgeG, g : M-M differ
.

GGM is mplectic if Eg , g
*
C-c

.

i .e
,

G preserves symplectic
structure

exc
for any smooth action G GX,

Quantization for any GGX,
u

the induced action GG T
*
X - the induced action GG((X)

B linear
is symplectic

Motto: Quant. 6GH
GG M ent

symplectic linear representation
=> symplectic app reach to representation theory !!!
this philosophy is Why we care so much abt symplectic geo in rep theory

This is a yood start, but we want to be able to "lorlt inside"

GGM . need internal structure
. Get it / slight strangthing

GGM is hathian if infitesimal action D : ***1> rect (M)
is generated by hamiltonians.

↳ i .e
,
F ve G

,
Dr= XnCr) fur m(r) = (P(m)

M(r) linear in v => m/peMt 1
*

↳ a hamiltonian G-action on M defined by its moment map MiM-
*

fact : M is eariant map
G
> *** for repo Ad : g

*
- g*
--

M "o adjoint representation"

i. e M(9 . P)= Ad
*

qu(P
"cradjoint action" GGG

*
is basic model of all hamiltonium GGM



restrict G action to maimal tus : +G O+

moment map is M : Oa+E
*

orthogonally projecting to * Note,SOC3)
-

fixed points are exactly Wad&* wave sphere around

Atiyah convexity thm => M : ta-> E
* has image convex will of
Weyl orbit !

atiyah was motivated by tuing to reprove this realt (ot Kirritor,

I0's) using symplectic get

can draw flag manifolds !

ar

sus: *
flag manifolds are classified by apt in E*t

...

what

could their associated representations be ?

Quantizing Ox : we need line bundle (whose curvature is

-

-

the symplectic form wa . By essentially gass-bannet this needs

X Exces2 , or wat HO,) <
H(8

, 14)a to be integral : 3 WX

fact: Wa integral if a integral (belongs to the rest lattice)

· ex- SUC3)

pa"m
* ⑰&

fast: associated line bundle La defined by character & : T+ K

Quantum hilbort space GG Ho(GA
, (d)

by Bad-Weil thm
, GGH"(G, (a)= Er , irriducible rep. / heighest at !

coadjcint orbit
Quantize

motto :

Oo my a integral
vert jurigible rep of coadition ↓ orbits

weighest at a are irriducible



Symplectic reaction
moment map M : M-1

*
sends M to a collection of coadiint

orbits

decompose M according to these orbits !

· start w/ 80-303 . M"(0) <M is G-invariants
, a

divide out

define the symplectic Action M//G= M(d)/6

Thi (marsden instein) M/G has a symplectic structure

-Example: Pas symplectic reductionmotivating
M= T

* R
=
= C

,
w = dendi +dzvdz

moment map

UID action eit : (21
,2) -> (eitz , et

*22) has mic-w** IR
(2
,
2) -> 112 , 112 + 112 c12

physically, this describes a 2D harmonic osscilator

USD action preserves m
,
so might as well restrict to ll=sK2

define /Ull to be the "space of orbits with fixed energy"

RY va := m(/wa) = SYva) = 1p'= S symplestic !
/

(Remark : for GGX any Graction w/ N/G smorths

+
*

X/ = T
* (X/0)

position & momentor come in

L
pairs, so G acts in Pairs

Remark : dim M/G= dimM-2 dim G

motto: in symplectic geometry, Groups act twice!

Thm (Guillemin-Shlomo stemberg) : for M compacts Kahler

I(M/. G) = U(M) & G-invariant vectors in I/M)

"Quantization commutes / reduction"





Amplicitiesof coadivint
or bits
-

Reduction along other coadioint orbits
: M//b = (d)/G

C

note dim (M/G): dimM-2dimG+ dim Or

M splits into G-bundles over symplectic melds
,
a > m(80)

↓
paramortized by cradtint orbits M/aG

ex
: C= L W ↓ Sa

,
I denotes spheres=(00S? =

S' S

df(x,x) S of radius 2

Motto : moment map splits M into irriducible components &

Thi: (Guilleman-Stemberg) The heighest weight representation GGE,

occours in GGH(M) iff Oa-occours in M(M)

consider spaces where decomposition is simple:

Let a hamiltonian space GGM is miplicity-free it dim (M//cG)=0 Ex
if GGM compact connected, multiplicity-free -> M/aG is a point

this only uses properness of M
o
follows from th of Firman /Oc connected

, using

a bit of morse theory

=> GGM entirely characterized by moment map image

convexity tums => GGM structure is combinatorial !

motto : multiplicity - free manifolds have maximal symmetry
*mity-freeexamples M:8-

· coadjoint orbits 8 (moment map is identity E) I are irridusible)

· for GGG/ transitive group action, induced action GG T
Y (G/x)

is metiplicity-free for simple necessary & sufficient condition on G/A
-

· Toric manifolds : T: UCD"GM dimM=2n

sympleclic manifolds with effective half-dimal tores action
#

Atiyah : moment map MiM-E: LieC)=IR" image is a convex polytope

Ad :TGE
*

is trivial => 0x = Ea3 : coadiant orbits are points
/

(a) is a torus -> M/T = 3Pt3



e .g UCD GS2 viig IP2 misp/-/SR-> E
* /

non-example : UI G G eit . (2,2) = Leitz
, eiter)

&YUC) = S = Pt
· for tures actions

, need dimensionality constraint

Im the following are equilent:

· GG M multiplicity free

G-invariant functions are determined by their values on 'M/cG for all 2.

which is defined by their value on x

a all G-invariant functions on M lift from
*

wext-invariant

i . e
, fe (P (M)

-
=> f= how he (2) = / *** Caterian

* is prission commonature
,
so this gives

subalgebra

* all Ginvariant functions poission -commute : f
,
ft((M)" => (t, +3 = 0

M is Prission

Ef,t = Show,hom3= Ensn'3 = 8

Quantum versions all G-invariant A,D : I-> H satisfy (A,B] =0

split I into irreps Vi
. A Ginvariant -> GA preserves irrep type

A :Vi-Vi is scalar

(schor's lemmal
Ginvariant operators commute -> each irrep type has multiplicity /

I

a G-invariant operator respects decomposition into 6-iwreps

I H = V
, "*V" * ... A : V,-V,

" by schors lemma
,
A

acts block - scalarly , interchanging
factors of Vi

all Ginvariant A, B commuteamerian de dr

WAnn I -->
mylas) yeat stillerians op in :Gi
has multiplicity=I



Ear minity-freespaces :

T
*

X multiplicity free -> GGX transitive
,
or X= G/K

note GGX extends to complexified action G
*
GX

Def : G
*

GX is a spherical ariety if it has an open dense orbit of the

KBorel subgrap BCGP
↓ interior is

B-orbit of T = G*
"

ex : turic manifolds 111W
intrition : B-orbit moves you all along moment palytape in ** this
takes you thro the whole manifold if M/G=pt

Thm : TY multiplicity free -> X spherical
-

**X are archtype"of hyper spherical" varieties

155: GGM is epherical it :

(1) M affine

*-(2) M is multiplicity - free 7
true fur-

(3) the moment map of i intersects the hilpotent careI14 the G-stabalizer of a generic pt in M is connected I Whittakee
(M carries a &Graction (the "grading" action) which is "neutral"

implies it is
a whitacre induction

Notes: - If M = T
* X
, C

*

gr
scales fibers (needed structure for later)

(3) implies M (M) 1 E
* contains O , & Mo) is a G-orbit

w/RgE
,
implies u(m) 12

*
= E*: every scabirint orbit appears
-

(5) "neutrality" implies we can reconstruct GGM w/ grading action from

local data of a point x = (0)



Building Multiplicity - free spaces
-

convert constructions from representation them to symplectic .

induced repretations
Gfor HCG

,
& rep P:HGU , we build the induced rep: ind

it
(0)

G/H is a symmetric - space, G=S0(3)
,

H = vi
,
G/H=S

# 4 & principle H-bundle ⑪
Cu()⑧

0G- HG/H ⑧

using ,

build ainted bundle Ep = G * = GxV/H
=> obtain G-rep. on sections of Ep ind (0)8 GG((Ep)
G acts by either interchanging fibers , or rotating fibers by I
if G. is finite

, LCEp) is a finite dimensional rep.

symplectic analorge; replace HGU w/ hamiltonian H-space HGS
Er

=

v x G /H
2 need symplecticLet the Haltonian induction is b-indS = (S x T

* G)// I result
8

- x2! dim hind(s) = dinS+2dimG-inH
in symplectic geo, graps ad

ex: h-indrCT *Y) = (T* Yx **G)//n = +* ((xG)/A) !

in rep theory
,
we build reps as sub-reps induced from simpler reps ! rep

,G H = 1
representation theory symploctic
-

trivial rep K S = Ep+3

brudh G, XK : &I
*
trivial bind

,

"
(Sp+=

30+3x
*6/1 = +

*G
rep ind

? (C) : (2(b) =Gx1*

moment map M : (9,9)- I

jem ((G)= -Friste Vi
* dim Vispeter- imm= = every coadscint orbit

weyl tum) appears

every irrodicible component occorrs in reps . induced from trivial!



Whittake induction
- -

G reductive
,
Ba barel subgroup

,
↓ its unipotent radical

(x* i) ( * Y) ( Y)
I only knew this from miltipedia 101

a Water model of a representation : G->V is a realization
of p as a subrep of indo(X) for A :U- & all irreps UfK

are charectors

these are common ! Irreps w/ a whittaker model are "generic"
MPS wo -"- are "degenerate"

These are interesting, #-Mearitic critters
,
that encompas most reps we

care about

symplectically: & defines hamiltonian action UGG

following symplectic inductioni
, we consider

-

(9x T
*G)X =

# & - Principle bondle over

+(u) +
* (r a)

Basic Whittaker space is //G : Insted crtangent bundle T
* (UG

Game topology, new symplectic form)

Whitacre induction sends SBH to G-space using home
. HxsLz-G

the murphism sh: ->G picks aut a unipotent UCG (associated to positive)
eigen space

Whittaker dustion is hindrYr(S) or something ...
u

note that I'm Kinda lying here

this interpolates between ordinary induction & the twisted bundles of whittater spaces.

The (3 . 6.) of relative lang lands program) : !

All hyperspherical varieties are built by whittalter induction

~



Guillemin-sternberg 1982: geometric quantization and 
multiplicities of group representations

Guillemin-sternberg 1983: The frobenius reciprocity 
theorem from a symplectic point of view

Kazdan - Konstant- Sternberg 1978: Hamiltonian 
group actions and dynamical systems of calogero 
type

Dictionary between symplectic geo & rep theory

quantize
symplectic manifolds a representations
-

GGM hamiltonian 6-space 6 G H(M) G-rep on hilbert space

MYG symPstEn - [6S84]-> H(M)8G-fixed rectors

coadiint arbit & of G irrep of G

0xcn(M) highest weight rep Ea

accours in If

for HGS , HCG
, symplectic induced

h-ind(S) = (SxT* G)/H induction indi, (H(s) representation

↑

->HGM treating Sarspace Res y (H(M) triction,t

- :+H 4 : H- 6 frobenirs

h -ind(s)/ G = ??? (4, ind , (4)) : <Res, (Y), 4)
reciprocity

whitather induction whitalkker model



Extras Spherical weties
-

hamil fanih G
*
GMevery G G in extends to

infinitesimal .

action q
*
-> Vest (x) Splits &*= G * K = 1 * =1

exa
to * a

↳in ,vector
ande

I~ ilR 11 - gradient vector field

-> >H

/M ⑲real action us "C*

ex : G**GIP2
↑
&->*omplex action

remark (Kampt-ness thm) & [M/. G] = CCMIG
*

roughly
, M/G = nd)/G = M/G

R
so,

setting value of m is like

"GIT Quotient" chasing complex part of 14

action

the complex version of a maximal tures is a borel subgroup B

CYB = G/T [-.
) [8 =**]

Def a 22 variety GPGM is spherical if
M has a dense B-orbit orbit of B

ex : toric varieties have Tircon. B = T*** Nex
,

flag manifolds :
moment map of

T on a

ass :

B-orbit

hamiltonina

G
*GM spherical then GGM multiplicity - free

some har, multiplicity -free manifolds are locally modeled by
spherical vanities ,


